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Abstract
In recent years, there has been a push by automotive manufacturers to improve
the efficiency of the vehicle development process. This can be accomplished by cre-
ating a computationally efficient vehicle model that has the capability of predicting
the vehicle behavior in many different situations at a fast pace. This thesis presents
a procedure to automatically generate the simulation code of vehicle systems rolling
over three-dimensional (3-D) roads given a description of the model as input.
The governing equations describing the vehicle can be formulated using either
a numerical or symbolical formulation approach. A numerical approach will re-
construct numerical matrices that describe the system at each time step. Whereas
a symbolic approach will generate the governing equations that describe the system
for all time. The latter method offers many advantages to obtaining the equations.
They only have to be formulated once and can be simplified using symbolic simpli-
fication techniques, thus making the simulations more computationally efficient.
The road model is automatically generated in the formulation stage based on the
single elevation function (3-D mathematical function) that is used to represent the
road. Symbolic algorithms are adopted to construct and optimize the non-linear
equations that are required to determine the contact point. A Newton-Raphson
iterative scheme is constructed around the optimized non-linear equations, so that
they can be solved at each time step. The road is represented in tabular form when
it can not be defined by a single elevation function.
A simulation code structure was developed to incorporate the tire on a 3-D
road in a symbolic computer implementation of vehicle systems. It was created so
that the tire forces and moments that appear in the generalized force matrix can
be evaluated during simulation and not during formulation. They are evaluated
systematically by performing a number of procedure calls. A road model is first
used to determine the contact point between the tire and the ground. Its location
is used to calculate the tire intermediate variables, such as the camber angle, that
are required by a tire model to evaluate the tire forces and moments.
The structured simulation code was implemented in the DynaFlexPro software
package by creating a linear graph representation of the tire and the road. Dy-
naFlexPro was used to analyze a vehicle system on six different road profiles per-
forming different braking and cornering maneuvers. The analyzes were repeated in
MSC.ADAMS for validation purposes and good agreement was achieved between
the two software packages. The results confirmed that the symbolic computing
approach presented in this thesis is more computationally efficient than the purely
numerical approach. Thus, the simulation code structure increases the versatil-
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Simulation and analysis play a key role in the phases of modern product design
and development, and is becoming more important since it has the capability of
improving the efficiency of these phases [31]. Modifications can be done to a proto-
type much faster through simulation than by constructing the physical system and
running tests on it. Also, the cost associated with modelling the system is much
lower than performing physical tests on it.
A multibody system can be analyzed by performing three steps:
• Model : Describe the physical system
• Formulate: Generate the governing equations that describe the model
• Simulate: Solve the governing equations to obtain the response of the system
There are two different representations that can be used to describe the system.
The first type is an acausal model, where a representation of the physical system is
created using idealized components such as rigid bodies, joints (revolute, prismatic,
etc.), massless springs, resistors, etc [81]. The second type is a causal model, where
a set of mathematical equations is used to represent the physical system. The
latter type is commonly used in control applications. In this thesis the term model
is used to indicate an acausal model. The Modelling step is arguably the most
important one since the other two steps are dependent on the description of the
model. In creating a representation of the model, the user has to determine which
characteristics are important in the model and which ones can be neglected [81].
The Formulation step involves generating the governing equations based on
the description of the idealized model as input. It is during this step that the
differential and algebraic equations that describe the system are constructed and
prepared for simulation. The equations can be formulated using a numerical or a
1
symbolical approach [89]. This step is the primary interest of the work presented
in this thesis.
The final step involves solving the governing equations or a portion of them
based on a set of initial conditions. There are several different types of analysis
that can be performed on the system based on solving the governing equations.
For instance a modal analysis or an equilibrium analysis can be performed on the
system equations. The two most common types of analysis in multibody dynamics
are forward dynamic and inverse dynamic simulation. An inverse dynamic simu-
lation involves solving for the forces and moments that are necessary to generate
a prescribed motion, whereas a forward dynamics simulation involves numerically
integrating the governing equations to obtain the motion of the system at discrete
time instances. In this thesis, simulation will refer to forward dynamics simulation
being performed on the governing equations.
There exists different criteria that can be used to measure the effectiveness of
a model. One of the criteria is based on the capabilities of the model to determine
the response of the system in different scenarios. A model is more effective if it can
be used to predict the response of the system in different cases by simply modifying
the set of initial conditions and parameters used to describe the model.
In vehicle dynamics for instance, it is more efficient if the model is capable of
predicting the behavior of the vehicle in different situations, such as, braking, ac-
celerating, and cornering. It is also more efficient if it can be used to analyze the
vehicle in these situations as it is rolling over different road trajectories. Further-
more, the model is effective if it has the capability to analyze the ride quality of
the vehicle and to determine the durability of the components of the vehicle.
Another measure of the effectiveness of a model is how quick the governing
equations can be simulated to predict the behavior of the system, i.e. the simulation
time. Minimizing the computational cost associated with evaluating the equations
is important since it will reduce the overall time to analyze the system. It is much
better to be able to analyze the system at a faster pace so that more designs can
be created/modified on the system in a shorter period of time.
Simulation plays a key role in modern product design and development, espe-
cially in the automotive industry. Design changes on the vehicle can be evaluated in
a fraction of the time with a computer model of the vehicle than having to run phys-
ical tests and perform data analysis on the actual vehicle. Real-time applications
are becoming important since vehicles are being equipped with more safety fea-
tures, such as electronic stability control. In real-time applications it is important
that the model predict the behavior of the vehicle before it occurs so that it can be
corrected [82]. Thus, computational cost associated with evaluating the governing
equations of vehicle systems is an important measure on the vehicle model.
There are several different vehicle models that exist that can be used to analyze
vehicle systems. The models are usually a compromise between the computational
cost of solving the governing equations and the fidelity of the models. A high-
fidelity vehicle model is one that includes all of the sub-components (the suspension
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systems, the brake system, the steering system, the drivetrain, and the engine), as
well as a complete finite element model of the tire and the road. However, a model
with all of these components will take a long time to simulate and is far from being
real-time applicable. A real-time applicable model is one that has the capabilities of
obtaining the response of the system faster than real-time (actual time). Therefore,
many analysts have developed simplified vehicle models that can be used to analyze
the vehicle in complex situations accurately without creating physical models of all
of the sub-components of the vehicle [81, 5]. One such model is the 14 DOF vehicle
model proposed by Sayers and Han [81].
There are a few different commercial software packages that are specifically
designed to analyze vehicle systems based on a simplified model. The governing
equations are hard-coded into the program so that they do not have to be re-
formulated. Therefore, the analyst only has to specify the model parameters (mass
and inertia parameters, dimensions of components, center of mass locations, etc.)
and the initial conditions of the system. He/she does not have the option to modify
the topology in order to analyze any other vehicle system. Thus, if the analyst
wishes to model a different vehicle then he/she will have to use a more generic
multibody dynamics software package. The analyst will have to describe the model
and formulate the governing equations. There are two approaches that can be
used to formulate the governing equations, a numerical approach and a symbolical
approach.
A numerical formulation approach will construct numerical matrices that de-
scribe the dynamics of the system at a specific instant in time [48]. Since the
matrices are numerical in nature, they will have to be re-formulated at each time
step before they are solved. There a few generic multibody software packages that
are based on a numerical formulation approach, MSC.ADAMS and DADS by LMS
for example. These software packages are not computationally efficient and will
always generate a large set of nonlinear differential and algebraic equations (DAEs)
that require iterative methods to solve them [82]. A computationally efficient model
is one that simulates the system at a lower simulation time.
A symbolic formulation approach will generate symbolic mathematical expres-
sions of the nonlinear DAEs that describe the system for all time. Therefore, the
equations only need to be formulated once resulting in a reduction in the simulation
time because the equations only have to be solved, not formulated, at each time
step. Since symbolic mathematical expressions are obtained they can be greatly
simplified using symbolic simplification techniques and optimization methods be-
fore they are solved [89]: trigonometric reductions, simplifications, and reductions
can be performed on the equations; repeated terms can be determined and calcu-
lated once instead of each time they appear in the equations; and terms multiplied
by 0 can be removed [102]. Furthermore, the equations can be viewed so that the
analyst can get some physical insight from them. They are also portable since a
mathematical expression of the governing equations is obtained so that they can be
formulated using one software package and solved using another. Thus, symbolic
formulations offer many advantages over numerical ones.
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There exists a major disadvantage to a symbolic formulation approach and this
is the tendency of the equations to grow large as the complexity of the model
increases [39]. The computer memory required to manage the symbolic equations
can become so large that the computer can not handle it anymore and comes to a
halt. However, intelligent formulation methods have been created that can resolve
this problem [39, 89]. An intelligent formulation method is an approach that allows
the governing equations to be formulated in a manner that permits them to be
solved more effectively by a numerical integrator [39].
One of the challenges to creating a multibody dynamics model of the vehicle is
the incorporation of the highly non-linear tire since modern tire models have prop-
erties that require specific treatment during all three of the analysis stages [81, 70].
This challenge has been overcome by Sayers and Han [81] and by Morency [70] by
defining specific steps and tools to follow when incorporating the tire in a multibody
dynamics model of the vehicle. Morency [70] has created an approach to analyze
the vehicle using a symbolic formulation that can be incorporated in a generic
multibody dynamics software package that uses a symbolic formulation method.
However the approach defined by Morency [70] is limited to vehicles rolling on a
flat road. Therefore, there is a need to develop a method to analyze vehicle sys-
tems on three-dimensional (3-D) roads using a symbolic formulation approach to
improve the capabilities of vehicle models and to benefit from the many advantages
of a symbolic formulation.
1.2 Research Contributions
The major research contribution of this work is the extension of the steps outlined
by Sayers and Han [81] to include a tire on a 3-D road in multibody systems
model of the vehicle. This includes the development of the steps and equations
necessary to determine the contact point between the tire and the ground. Also
with the development of the road model that is based on the thin disk tire model
with variable radius to locate the contact point which was developed by Postiau et
al. [76].
Another research contribution of this work is the creation of a simulation code
structure that permits the pneumatic tire and the road to be incorporated within a
symbolic formulation procedure of vehicle systems. The simulation code structure
consists of a number of procedure calls that are used to determine the magnitude
and the direction of the tire forces and moments that act on the vehicle model.
The inclusion of a tire and a road component with an approach that formulates the
governing equations symbolically permits the automatic generation of simulation
code that can be used to analyze vehicle systems on 3-D trajectories.
The first part of the simulation code structure involves an external function
call to the road model to determine the contact point between the tire and the
ground. The determination of this point is dependent on the road profile, and
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thus the external function is also dependent on the road profile. The second major
contribution of this work involves the automatic creation of the road model based
on the mathematical function used to define the 3-D road. The external function
is automatically created in the formulation stage as part of the simulation code
structure using symbolic tools from the general purpose computer algebra software
package. This permits the analyst to only have to define the road profile as an
elevation (3-D mathematical) function when the model is created.
The principle advantage of the equations that are used to determine the contact
point between the tire and the ground and the simulation code structure is that
they can be implemented in any method that is used to generate the governing
equations using a symbolic formulation approach. Thus, the many advantages of
symbolic formulation can be utilized to analyze vehicle systems more efficiently.
The ultimate goal of this research is to extend the capabilities of vehicle models
while benefiting from the advantages of symbolic formulation.
1.3 Structure of Thesis
This thesis consists of 6 chapters. The first chapter introduces the research topic
and describes the motivation and goals behind it. The second chapter is a literature
review on the necessary literature required to achieve the goals of the research.
The chapter discusses the essentials to modelling multibody dynamic systems and
in particular vehicle systems. It also goes through the different software packages
that are available to analyze general multibody dynamic systems as well as vehicle
systems. Since a major part of the research involves tire and road modelling, a
literature review is also given on these topics.
Chapter 3 describes how the tire on a 3-D road can be implemented in a multi-
body dynamic model of the vehicle. The theory and steps to accomplish this are
described in detail followed by a discussion of how the contact point between the
tire and the ground is determined. The thin disk tire model with variable radius
is introduced along with the methods that were taken to improve the model. The
Newton-Rapshon iterative scheme is also introduced as the method to solve the
two equations necessary to determine the point of contact. The chapter ends with
describing the different ways of defining the road.
Chapter 4 discusses how to implement the approach in a computer environment.
The custom Newton-Raphson iteration method that was created to locate the con-
tact point is presented along with improvements that were made to the custom
approach. The hardware float environment is discussed followed by the presen-
tation of the way to automatically generate the road model based on the custom
Newton-Raphson method with the road profile as input. Simulation code optimiza-
tion is discussed along with how optimization methods were used to optimize the
road model. The simulation code structure is also presented in conjunction with a
complete discussion of each of the sections of the structure. The chapter ends with
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a discussion on how the structure is implemented in the DynaFlexPro commercial
software package as a tire/road component.
The tire/road component is justified in chapter 5 by comparing simulation re-
sults obtained from DynaFlexPro and from MSC.ADAMS for different vehicle ma-
neuvers on different road profiles. The vehicle model is presented along with mod-
elling aspects used in both MSC.ADAMS and DynaFlexPro. Three examples are
presented for the Chevrolet Equinox model performing braking and steering ma-
neuvers on different road profiles that can be defined by a single elevation function.
Three more examples are presented with the Equinox performing braking and steer-
ing maneuvers on roads that can not be defined by a single elevation function, and
thus have to be defined in tabular form. The examples show that there is excellent
agreement between DynaFlexPro and MSC.ADAMS, thus justifying the approach.
They also confirm that significant gains in the simulation time are achieved with
a symbolic formulation approach as compared to the purely numerical one. Fur-
thermore, the results confirm the capabilities of the model to analyze the vehicle
on different road profiles since 2 out of the 6 examples could not be simulated in
MSC.ADAMS.
Chapter 6 concludes the thesis by giving a summary of the accomplishments of






The single pendulum will be used throughout this chapter for example purposes,










Figure 2.1: Single Pendulum
are also shown in the picture as the dashed arrows. A free body diagram is a diagram
of the system that shows all forces and moments acting upon it [51]. The pendulum
is two-dimensional (2-D), but the general three-dimensional (3-D) approach will
be used to analyze the pendulum since this general method is applicable to 2-D
problems.
The first step to obtain the modelling equations of multibody systems is to
determine the number of degrees of freedom (DOF) of the system, which is the
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minimum number of coordinates needed to completely describe the configuration
of the system [19]. The number of DOF, f , of a system can be determined by
subtracting the number of constraints, m, in the system from the number of coor-
dinates, n, of the system as is shown in Equation (2.1) [19].
f = n−m (2.1)
The configuration of each body in the system is determined by a set of three po-
sition coordinates and three orientation coordinates. Thus, 6 DOF are required to
determine the configuration of a body floating freely in cartesian space. The con-
straints associated with the system are what restricts the movement of the bodies
in space. Each constraint will decrease the number of DOF by one. The pendulum
in Figure (2.1) has only one degree of freedom (f = 6-5 = 1). The revolute joint
at the top of the pendulum introduces 5 constraints on its movement. Thus, if the
angle θ is known for all time, then the position and orientation of the pendulum
would be completely specified for all time.
The analyst has the option to choose the variables he/she would prefer to com-
pletely describe the system. The variables associated with the position and orien-
tation of the bodies of the system are referred to as generalized coordinates and
the variables chosen to represent the velocity and angular velocity are referred to
as generalized speeds. This is the notation used by Ginsberg and Baruh and it will
be adopted in this thesis [44, 19].
There are a number of methods that can be used to obtain the equations of
motion of multibody systems in terms of the generalized coordinates and speeds
and some of the most popular methods are as follows: Newton-Euler equations,
Lagrange’s equations, principle of virtual work, Hamilton’s principle, D’Alembert’s
principle, and linear graph theory [19, 44, 65]. The Newton-Euler method is the
oldest and is still commonly used to obtain the equations of motion. The main
disadvantage with the approach is that a free body diagram (FBD) is needed in
order to obtain the equations of motion. All of the other methods are analytical
methods and do not require an FBD to obtain the equations.
The Newton-Euler equations are based on Newton’s second law of motion in
both the translational and rotational domains [44], and are shown in Equations (2.2)
and (2.3). ∑
~F = m~̇v (2.2)∑
~M = IG~̇ω + ~ω × IG~ω (2.3)
where m is the mass of the body, IG is the inertia dyadic, ~v is the velocity of
the body, and ~ω is the angular velocity. The equations of motion are determined
for a multibody system by applying the Newton-Euler equations to each body in
the system. A detailed example of how the Newton-Euler equations are used to
obtain the dynamic equations of a simplified example is shown in Appendix (A) to
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assist the reader in understanding how this approach can be utilized to obtain the
equations.
The orientation of bodies in cartesian space is determined based on a rotation
matrix that relates the orientation of the body frame to another (usually taken as
the global reference frame) [44]. The rotation matrix can not be represented by
a vector because rotations between two frames are not commutative. Therefore,
another set of rotational coordinates is needed to track the orientation of bodies in
cartesian space. A set of three rotations (either body fixed or space fixed rotations)
can be used to accomplish this [44]. Each rotation is by a specified angle about
an axis and these angles are commonly known as Euler angles. The 3-2-1 (Z-Y-X)
body fixed Euler angle sequence will be used in this thesis to locate the orientation
of bodies in space.
A state space representation of the governing equations introduces additional
equations that express the derivatives of the generalized coordinates in terms of the
generalized speeds in order to reduce the order of the dynamic equations [19]. The
Newton-Euler equations are written in terms of accelerations and angular accel-
erations; thus the derivative of the generalized speeds will appear in the dynamic
equations as is shown in Equations (2.2) and (2.3) [83, 88]. Let the additional equa-
tions be denoted as kinematic differential equations. In this thesis, the kinematic
differential equations are represented by the generalized speeds as direct derivatives
of the generalized coordinates. Thus, the state space representation will be a com-
bination of the dynamic equations and the kinematic differential equations to give
a set of first order ordinary differential equations (ODEs). Also, let the generalized
coordinates and generalized speeds that appear in the state space representation
be denoted state variables.
Consider the single pendulum and suppose the analyst chooses to model the
pendulum using three coordinates: the x position of the center of mass, the y
position of the center of mass, and the angle θ. Thus, the generalized coordinates
are x, y, and θ, and let the generalized speeds be vx, vy, and ωz, where vx is the
the x component of the velocity of the center of mass, vy is the y component of the
velocity of the center of mass, and ωz is the angular velocity of the pendulum about
the z axis. The state space representation of the dynamic equations is shown in
Equations (2.4)-(2.9). The dynamic equations are obtained using the Newton-Euler
equations and are shown in Equations (2.4)-(2.6), and the kinematic differential
equations are shown in Equations (2.7)-(2.9).
If the number of generalized coordinates chosen to model the system is greater
than the number of degrees of freedom of the system, then the coordinates are
not independent. If this is the case, then a set of constraint equations (algebraic
equations) is needed to express the dependencies of the chosen generalized coordi-
nates. There are two types of constraint equations: holonomic and non-holonomic.
Holonomic constraint equations only involve position level variables. On the other
hand, non-holonomic constraint equations involve non-integrable relationships be-
tween the generalized speeds [47]. The constraint equations in this thesis will be
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ẋ = vx (2.7)
ẏ = vy (2.8)
θ̇ = ωz (2.9)
where m is the mass of the pendulum, l is the length of the pendulum that is
assumed to be a slender rod, W is its weight in the gravitational field, and Fx and
Fy are the reaction forces at the revolute joint.
For the single pendulum, two independent constraint equations are required
that relate the three chosen coordinates because there is only 1 DOF. The two









Therefore, there is a set of 8 equations (Equations (2.4)-(2.11)) with 8 unknowns
(vx, vy, ωz, x, y, θ, Fx, Fy) that represent the system. This set of equations can be
solved to obtain the response of the system.
The dynamic equations and the constraint equations need to be modified into a
form that is more suitable for simulation. From this point forward it will be always
assumed that a state space representation will be used to represent the dynamic
equations and they will be specified in terms of the accelerations for simplification
purposes. Also, let the constraint equations along with the dynamic equations be
denoted the governing equations. Haug [47] proposed a matrix form that represents
the governing equations and is shown in Equations (2.12) and (2.13).
M (q, t) q̈ + ΦTqλ = F (q, q̇, t) (2.12)
Φ (q, t) = 0 (2.13)
where M is the generalized mass matrix, q is a column vector of the generalized
coordinates, ΦTqλ is a column vector representing the effect of the reaction forces on
the system, and F is the generalized force matrix which contains the effects of the
external forces and quadratic speed terms (centripetal and Coriolis). The general
form of the dynamic equations is shown in Equation (2.12) and the general form of
the algebraic constraint equations is shown in Equation (2.13), where one side of
the equations is set to zero.
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The governing equations representing the pendulum can be rearranged into
































The constraint equations are normally non-linear algebraic equations in terms
of the generalized coordinates [47]. However, the velocities and accelerations can be
obtained by solving sets of linear equations that are in terms of the known position
variables [47]. Taking the derivative of Equation (2.13) with respect to time results
in Equation (2.16) that is linear in terms of q̇.
Φqq̇ = −Φt (2.16)
Differentiating the equation again with respect to time results in Equation (2.17)
which is linear in terms of q̈.
Φqq̈ = −(Φqq̇)qq̇− 2Φqtq̇−Φtt = γ (2.17)
Equations (2.16) and (2.17) are the velocity-level and acceleration-level constraint
equations. The matrix Φq that appears in both equations as well as in the dynamic
equations is the jacobian matrix. It is a matrix of partial derivatives that is related





Note, the other terms in the two equations are also partial derivative terms that
are calculated in a similar fashion as the jacobian matrix.











The transpose of the jacobian matrix is part of the dynamic equations as can
be seen in Equation (2.12) and is zero when the number of generalized coordinates
is equal to the number of degrees of freedom, i.e. Φ is null. Multiplying this term
by the column vector of Lagrange multipliers (λ) gives the term in the dynamic
equations that represents the effect the reaction forces have on the system equations
as was pointed out previously. The Lagrange multipliers represent the reaction
forces that are necessary to force the system constraints and in the pendulum
example are Fx and Fy.
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The most general form of the governing equations is a set of differential and
algebraic equations (DAEs) that represent the system. The set of equations is
a set that contains the n + m dynamic and constraint equations. The algebra
constraint equations (Φ = 0) are usually highly non-linear and thus require an
iteration solution to solve them and this tends to be computationally expensive.
Methods for solving sets of ODEs are more efficient than methods for solving sets
of DAEs. This is the reason why most dynamic analysts try to eliminate the non-
linear algebraic constraint equations from the set of equations that represent the
system [47, 19, 44]. This can be accomplished using the acceleration-level of the
constraint equations (Equation (2.17)) instead of the position-level, so that a set of













These equations can be specified in state space form and solved numerically using a
solver to obtain the generalized coordinates and speeds (q and q̇), and the Lagrange
multipliers (λ).
The main problem with using the acceleration-level of the constraint equations
is that they are only satisfied at this level. A build up of numerical integration error
may cause a significant violation in the position and velocity-level constraints [47].
If the position-level constraints are not satisfied then the solution will wrongfully
indicate that joints in the system are floating apart.
There are different methods that can be employed to try to enforce the position-
level constraints. Baumgarte constraint stabilization may be used to minimize the
error in the position level constraints [20]. Baumgarte [20] added a few extra terms
to Equation (2.17) so that the equation can be inherently stable (spring and damper
system), which implies that Φ̇ ≈ Φ ≈ 0. The updated form of the acceleration-level
equation is shown in Equation (2.21).
Φqq̈ = γ − 2α(Φqq̇ + Φt)− β2Φ = γ
′
(2.21)
Baumgarte constraint stabilization is implemented by replacing γ in Equation (2.20)
with γ
′
. It is difficult to choose the Baumgarte stabilization parameters (α and β)
that result in an accurate solution since there is no general method for selecting
the parameters [47].
Partitioning methods can also be used to decrease the error of the constraint
equations. With this method the generalized coordinates are partitioned into a
column vector of u independent coordinates and v dependent coordinates. It is
possible to express the dynamic equations as a set of ODEs that is equal to the
number of degrees of freedom (f) for any system [39, 47]. Thus, the number of
independent coordinates should be equal to f , and the number of dependent co-
ordinates should be equal to m. Fisette et al. [39] showed that the dependent
velocities and accelerations (v̇, v̈) can be explicitly solved and eliminated from the
dynamic equations. However, since the constraint equations are non-linear at the
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position-level they cannot in general be eliminated from the dynamic equations.
Thus, the dynamic equations can be expressed in terms of u, u̇, ü, and v as is
shown in Equation (2.22).
M (u,v, t) ü + C(u̇,u,v, t) = F (u̇,u,v, t) (2.22)
Note, theM and F matrix are different than the ones presented in Equation (2.12).
Thus, before the equations are solved an iterative technique is required to solve the
constraint equations for the dependent variables based on the current values of
the independent variables. From the point of view of the numerical integrator,
the simulation code appears to describe a set of ODEs that are in terms of the
independent variables even though the constraint equations still exist [39].
If an explicit solution exists to the constraint equations, then the solution can be
used to replace the numerical iteration at each time step to solve for the dependent
variables. This will result in a simulation that is more computationally efficient.
Kecskemethy et al. [56] have created a method to determine whether or not the
constraint equations can be solved analytically and to include the solution into the
dynamic equations when it exists.
In general, there are three options that can be employed to eliminate the nu-
merical error associated with using the acceleration-level of the algebraic constraint
equations and these are as follows.
• Use an ODE solver to solve for the response of the governing equations using
Equation (2.12) with Baumgarte stabilization
• Use a solver that is capable to solve DAEs directly [30, 6]
• Use an ODE solver to integrate the reduced dynamic equations (Equation (2.22))
and use a numerical iteration routine at each time step to solve the position-
level constraint equations
2.1.2 Equation Complexity and Modelling Variables
The user has the possibility of choosing the modelling variables (generalized coordi-
nates) that he/she wishes to represent the system. Each multibody system contains
a number of sets of possible modelling variables that can be used to represent the
system. The complexity of the system equations usually decreases as the number
of modelling variables increase [19]. It was seen in Section (2.1.1) that choosing x,
y, and θ as the generalized coordinates resulted in a set of 5 equations that would
need to be solved to obtain the response of the pendulum. Only one generalized
coordinate is required to analyze the system since there is only a single degree of
freedom. Thus, the analyst could choose only θ as the generalized coordinate, which
results in the single equation shown in Equation (2.23).
m
3




This single equation is more complex than any of the previous 5 equations. However,
the response can be obtained by solving this single equation. If the analyst still
wishes to know the x and y positions of the center of mass, then the constraint
equations can be used to determine their values once the solution for θ is known.
This very simple example has shown that the choice of the modelling variables can
have an effect on the number of equations used to represent the system and the
complexity of those equations.
Since the selection of modelling variables is very important in modelling of
multibody dynamic systems there is additional literature on the topic [66, 69].
There are many different types of modelling coordinates that are commonly
used to model multibody dynamic systems, including absolute coordinates, joint
coordinates and indirect coordinates.
Absolute coordinates are very common in numerical formulations of the govern-
ing equations [47]. In an absolute coordinate formulation, 6 generalized coordinates
(3 rotations and 3 translations) are used to describe the motion of each body in the
system. Thus, 6 dynamic equations would be considered for each body and a num-
ber of constraint equations would be needed to enforce the dependencies between
the generalized coordinates. This results in a large number of governing equations
and solving them would require numerical integrators that are capable of dealing
with DAEs. Solving these equations involves obtaining the motion of the bodies
and the constraint forces [91].
Joint coordinates are very common in robotic applications since the joint angles
are required for most analyzes [19]. Joint coordinates describe the relative motion
between two adjacent bodies; between two adjacent arms on a robot for example.
There are two types of topologies, open loop and closed loop. An open-loop topol-
ogy implies that there are no closed kinematic chains within the model [65]. For
open loop topologies, there will be one joint coordinate for every degree of freedom
in the system. Thus, a minimal number of equations is obtained with no constraint
equations. On the other hand, for closed loop topologies, constraint equations will
be necessary and a set of DAEs is obtained to represent the system. The equa-
tions expressed in joint coordinates are usually more complex than the equations
expressed in absolute coordinates, but are fewer in number [54].
Indirect coordinates are similar to joint coordinates with the difference that
they measure the relative motion between any two bodies in the system. McPhee
et al. [66] have shown that for certain problems, a set of indirect coordinates can
lead to less complex equations than a set of joint coordinates.
2.2 Commercial Software for Multibody Dynam-
ics
The governing equations need to be formulated and solved to determine the response
of the system. It has been one of the main objectives in multibody dynamics to
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automatically formulate the governing equations given a description of the system as
input [24]. There are two approaches that can be used to achieve this: a numerical
approach or a symbolic approach. A numerical formulation will re-construct the
governing equations at each time step, whereas a symbolic approach will formulate
the governing equations ahead of time and use the result at each time step to solve
the system of equations using a numerical solver.
There exists several different software packages that are designed to specifically
solve multibody systems. Each package uses a different method to formulate the
governing equations based on a certain set of modelling variables. Some of the most





• Modelica / Dymola
• DynaFlexPro
The two first software packages use a numerical formulation approach and the latter
ones use a symbolic formulation approach.
2.2.1 MSC.ADAMS
Mechanical Dynamics Inc. (MDI) developed Automatic Dynamic Analysis of Me-
chanical Systems (ADAMS) in the late 1970s to analyze general mutlibody dynamic
systems [84]. In 2002, MSC Software Corporation acquired Mechanical Dynamics
Inc., and thus ADAMS is now part of MSC Software Corporation.
MSC.ADAMS is recognized as the most popular software for analyzing multi-
body systems. It will automatically convert a topological model to a set of dynamic
equations at each time step and solve them using a numerical solver [60]. The topo-
logical model is defined graphically within the MSC.ADAMS environment and the
topology is based on the components used to define the model. MSC.ADAMS can
perform both kinematic and dynamic analysis as well as static equilibrium analysis.
There is also no restriction in the topological interconnection between bodies. Thus
open-loop, closed-loop, and multiple loop topologies can be analyzed and are all
treated the same.
MSC.ADAMS is a numerical formulation approach that uses a set of absolute
coordinates as modelling variables. MSC.ADAMS has a built-in library of the
equations that represent each of the components in the system. The library is
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based on the equations developed by Haug [47]. The equations for a rigid body
will appear in the dynamic equations and the equations for all other components
will appear in the constraint equations. Thus, at each time step the governing
equations are re-formulated based on the topology of the system using the pre-
defined equations in the library. MSC.ADAMS uses the simplified form of the
governing equations (Equation (2.22)) with the Newton-Raphson iteration scheme
to solve the constraint equations at each time step [57].
The major disadvantage to MSC.ADAMS is the high computational cost to
simulating systems. A large set of DAEs is always obtained to represent the system
and this leads to high computational demands to solve the system of equations. It
is also based on a numerical formulation approach that requires the equations to be
re-formulated at each time step and this also leads to more computational demands
to solve the system.
2.2.2 DADS
Dynamic Analysis and Design System (DADS) is a general purpose multibody
dynamics software package developed and commercialized by Haug [47]. Currently,
DADS is commercialized as one of the lines of product for LMS International and is
the second most widely used software package to solve multibody dynamic systems
based on a numerical approach.
DADS uses a very similar approach to model dynamic systems as MSC.ADAMS.
The main difference between DADS and MSC.ADAMS is the approach to which
the equations are solved. MSC.ADAMS uses a numerical solver to solve a set of
ODEs with a Newton-Raphson iteration scheme embedded into the solver to solve
the constraint equations. On the other hand, DADS will solve a set of algebraic
equations using a specialized DAE solver. Note, MSC.ADAMS does offer a variety
of solvers, but the default solver is the one specified above.
The DAE solver used by DADS will first reduce the dynamic equations to state
space form. Euler’s numerical integration method is then used to convert the set of
first order ODEs to a set of algebraic equations. The equations are then combined
with the algebraic constraint equations to create a system of equations. A numerical
solver can then be used to solve the system of algebraic equations. This specialized
solver permits the constraint equations to be satisfied automatically, but has the
disadvantage that it relies on the numerical error of Euler’s method [48].
2.2.3 ROBOTRAN
ROBOTRAN was developed by Fisette et al. [39] to automatically generate the
governing equations of mechanical systems given a description of the system as
input. It is written in C with all of the symbolic operators being hard-coded by the
developers. Thus, it is a standalone program. The mathematical models obtained
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in ROBOTRAN can be exported into a different form (Fortran, C, or Matlab
routines) allowing them to be simulated within another environment [39]. It is
currently implemented in the Matlab/Simulink environment to analyze multibody
systems to permit the ease of analyzing the model [13].
ROBOTRAN uses a symbolic formulation approach that is based on joint coor-
dinates as the set of modelling variables to model the system. The coordinate parti-
tioning method is used to minimize the numerical error in the constraint equations.
Thus the reduced set of governing equations are used to to represent the system
(Equation (2.22)). The governing equations are generated based on d’Alembert’s
potential power principle [39] based on the library of symbolic operations that is
already hard-coded. The algebraic constraint equations are solved at each time
step using an iterative scheme and an ODE solver is used to solve the dynamic
equations.
Laurent Sass [80] developed an algorithm to analyze electromechanical systems
that is based on the symbolic approach that is utilized in ROBOTRAN. Symbolic
models are generated separately for both the electrical and mechanical domains and
then combined to formulate the global symbolic model [80]. The global model is
then used by a numerical integrator to determine the response of the system using
the same method that is used by ROBOTRAN [80]. The symbolic equations rep-
resenting the mechanical domain are obtained using ROBOTRAN. The equations
representing the electrical domain are obtain using ROBOTRAN’s symbolic engine
to develop Kirchoff’s equations using graph theoretic algorithms [80]. The approach
to obtain the electrical equations is implemented in ELECTRAN along with the
method to obtain the global symbolic equations. ELECTRAN is not currently
commercially available.
2.2.4 AutoSim
AutoSim was developed in the early 1990s at the University of Michigan to auto-
matically formulate the governing equations of mechanical systems using Kane’s
method. Kane’s method is based on D’Alembert’s principle and uses the kinematic
differential equations to obtain the generalized active forces and the generalized
inertia forces [25]. It is a standalone program written in the Lisp language.
Heuristics are used in AutoSim to determine the set of modelling variables to
represent the system. Thus, the user does not have the control over which variables
he/she wishes to use to model the system. The heuristics used by AutoSim to
choose the modelling variables is based on an approach that attempts to minimize
the number of equations and the complexity of the equations. However, in most
cases AutoSim uses a set of joint coordinates.
AutoSim also gives the user the option to identify the state variables that have
a negligible effect on the dynamics of the system. Basically, trigonometric functions
that are in terms of the negligible variables are replaced with a truncated Taylor
series expansion and products of the negligible variables are dropped when they are
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of order 2 or higher [83]. Essentially, the equations are simplified using techniques
that mimic a dynamic analyst cutting out terms that he/she feels are not important
in the equations.
AutoSim will also perform small modifications to the equations before they
are solved. Any constant terms are computed before simulation and their values
replaced inside of the equations. This eliminates parameters from having to be
re-calculated at every time step resulting in a reduction in the computational time
required to evaluate the expressions [83]. AutoSim also has the capability to export
the equations in the form of C or Fortran code.
An ODE solver is used to solve the dynamic equations when joint coordinates are
applied to represent the system. In AutoSim, joint coordinates are adopted when
the system is an open-loop system, and a coordinate partitioning method is used
when the system contains closed kinematic chains. Note, in this case, the modelling
variables will consist of a set that usually contains a mixture of absolute and joint
coordinates. At every time step, the dependent speeds are integrated to estimate
the dependent coordinates for the next time step. In most cases these estimates
will be inaccurate; thus a Newton-Raphson iteration scheme is used to correct them
by performing a single iteration [83]. This is done to decrease the computational
time associated with solving the constraint equations while still ensuring that they
are satisfied.
2.2.5 Modelica — Dymola / MapleSim
The Modelica language is an object-oriented language that allows multi-domain
systems to be analyzed. A multi-domain system is a system that contains com-
binations of mechanical, electrical, thermal, and hydraulic components. Modelica
allows the interactions between different energy domains to be modelled, and is
especially popular in the design and analysis of mechatronic systems.
The purpose of the Modelica language is to have a standard format that permits
models in different domains to be exchanged between different tools and users [35].
Each component of the multi-domain system may contain differential, algebraic,
and discrete equations, as well as internal functions, and is represented as an object.
A Modelica translator is required to formulate the equations into a meaningful form
and then to simulate them. The most popular translator is Dymola which is created
by DynaSim and is now part of Dessault Systèmes.
Dynamic Modelling Laboratory (Dymola) uses graph-theoretic approaches to
choose the modelling variables to model the system. Thus, the user does not
have the option to choose them. The equations are stacked together to form the
governing equations that represent the system and reduction methods are used,
such as Tarjan’s algorithm, to simplify the equations [37, 36]. Such a method is
described by Nordström et al. [72] as an in-line integration approach. Specialized
techniques are applied in Dymola to manipulate the DAEs into a form that permits
them to be solved efficiently [37, 36, 26].
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MapleSim has been developed by MapleSoft Inc. to analyze multi-domain sys-
tems. The majority of the components in MapleSim are based on the Modelica
standard libraries [15]. The governing equations are solved in MapleSim using a
specialized DAE solver.
2.2.6 DynaFlexPro
DynaFlexPro (DFP) is a commercial software package that is used to analyze multi-
domain systems. It is implemented in Maple, which is a general purpose computer
algebra software package. DFP was developed by McPhee and Schmitke [8] and
commercialized by MotionPro Inc. before being acquired by MapleSoft Inc. Dy-
naFlexPro uses linear graph theory to automatically formulate the governing equa-
tions symbolically based on the topological description of the system as input [8].
The governing equations are formulated using the general form of the governing
equations with Baumgarte stabilization. Thus, an ODE solver is used to solve the
governing equations at each time step to determine the response of the system [8].
DynaFlexPro allows the user to choose the modelling variables he/she wishes
to represent the system. McPhee and Redmond [66] have shown that an analyst
can choose to model the system with joint, absolute, or indirect coordinates by
selecting an appropriate tree for the linear graph representation. McPhee [65]
has also shown that it is possible to model the system using a hybrid form of the
coordinates. DynaFlexPro also has a heuristics approach embedded into it that can
be used to choose the modelling variables such that a minimal set of the governing
equations is obtained or a set that is the least complex. The heuristics are based
on approaches outlined by Léger [59].
Many of Maple’s symbolic math capabilities are used within DynaFlexPro to
improve the computational power associated with solving the governing equations.
DFP uses the simplify() and combine() Maple commands to simplify the governing
equations primarily using trigonometric reductions. The CodeGeneration package
is applied within DynaFlexPro to optimize procedures by eliminating repetitive
function calls and unnecessary calculations. It is also used to export the simulation
code to a different language.
The analyst also has the option to view the governing equations within the
Maple environment in order to make further simplifications to them or to perform
further operations on them. Also, the user can gain some physical insight of the
physics of the system by looking at the equations. Furthermore, design sensitivities
can be obtained by taking the symbolic derivatives of the governing equations inside
the Maple environment.
Linear Graph Theory
Linear graph theory (LGT) was invented by Leonhard Euler in 1736 and has been
combined with the principles of physics to analyze multibody systems [64]. With
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this approach, the topology of the physical system is represented as a collection of
nodes and edges. LGT permits the freedom to choose the modelling variables to
model the system through the choice of the spanning tree.
The spanning tree is a connected subgraph that includes all nodes, but does not
form a closed loop. The edges in the linear graph are the components themselves,
whereas the nodes are points on the graph where a connection between two com-
ponents exists. The edges selected into the spanning tree are denoted as branches,
and the edges not selected into the tree are denoted as chords. The chords form
what is known as the cotree.
Each edge has an associated set of through and across variables associated with
it. The through variables of an edge are the variables that can be measured by
a device that is in series with the component (forces and moments), whereas the
across variables of an edge are the variables that can be measured by a device in
parallel with the component (positions, velocities, and accelerations).
An across space of an edge is an ordered set of unit vectors that span the
space in which the component allows its across variables to vary. Likewise, the
through space is an ordered set of unit vectors that span the space in which the
edge permits its through variables to vary. The through and across spaces of an
edge will be orthogonal to one another and it is important that the spanned spaces
reflect the physical nature of the component [88].
Each edge in the linear graph has an associated set of terminal equations that
are used to represent the physical behavior of the component. For example, the
Newton-Euler equations in d’Alembert form represent the physical behavior of a
rigid body and thus are considered as terminal equations to an edge representing a
rigid body.
A fundamental cutset (f-cutset) is a set of edges that when removed, divides the
graph into two non-connected parts and consists of a single branch and a unique
set of chords. There is one f-cutset for every branch in the spanning tree. A
fundamental circuit (f-circuit) equation is a set of edges that form a closed loop and
contains one chord and a unique set of branches. There is one f-circuit equation for
every chord in the cotree.
The principle of orthogonality is one of the approaches that can be used to
formulate the governing equations using linear graph theory. With this method, the
dynamic equations are formulated by projecting the fundamental cutset equations
onto the across space for the edges selected into the tree [65]. Thus, the motions
consistent with the across space of edges selected into the tree will become the
generalized coordinates. The constraint equations are formulated by projecting the
fundamental circuit equations onto the through space of the edges selected into
the cotree [65]. The reaction forces and moments that are used to enforce the
constraints will be consistent with the through space of the edges selected into the
cotree.
The fundamental circuit equations are also used to express the chord across
variables in terms of the branch across variables. Similarly, the f-cutset equations
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are used to express the branch through variables in terms of the chord through vari-
ables. This is done so that the dynamic and algebraic equations are only expressed
in terms of the primary variables (modelling variables).
There is plenty of literature available that explain in detail how linear graph
theory is used to obtain the governing equations of multi-domain systems. Thus,
for further information the reader may refer to [65, 66, 88, 89]. However, a detailed
example of how LGT is used to obtain the dynamic equations of a simplified example
is shown in Appendix (A) to assist the reader in understanding the essentials of the
approach.
2.3 Modelling of Vehicle Systems
There are several different vehicle models that can be used to analyze vehicle sys-
tems. The models are a compromise between the fidelity one wishes to have versus
the computational cost associated with formulating the governing equations of the
model and solving them. High-fidelity vehicle models will include all of the compo-
nents of the model in complete detail (the front and rear suspension systems, the
steering system, the braking system, the drivetrain system, and the engine). These
models have the capability of determining the response of the vehicle by modelling
all of the components, but have a huge overhead in the time required to completely
specify the model and with the computational cost in simulating the model [23].
In recent years, there have been a few different vehicle models developed to
simplify the model while still maintaining the capability of predicting the behavior
of the vehicle accurately [81]. These models usually consist of a torque applied
directly to the tires to eliminate the motor and drivetrain and the braking system
from having to be modeled. They also eliminate the complete steering system from
being modeled by applying the steering motion directly to the tires. The models
also use a simplified suspension system to model the front and rear suspensions.
Let a model of this form be denoted as a simplified model.
Michael Sayers [81] used this simplified model to define a generic four-wheeled
vehicle model with independent suspension for the specific analysis of the passenger
car. Bombardier also used this simplified model to analyze the cornering perfor-
mance of a multiple truck trailer system for some confidential contract work he
performed while working on his MASc degree at the University of Waterloo. He et
al. [49] also used this topology to model an articulated steer vehicle to determine
its stability characteristics.
The four-wheeled vehicle model with independent suspension developed by Say-
ers is the most widely used simplified model because of its specific application to
passenger cars and because of its computational performance that is feasible for
real-time simulation [82, 5, 9]. The generic model is shown in Figure (2.2) [70].
The suspension system at every corner of the model is modeled as a prismatic joint
with a spring and damper along the z axis of the vehicle chassis. The suspension
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Figure 5.3: Generic Four-Wheeled Vehicle Model with Independent Suspension
damping forces as functions of suspension deflection and to modify the orientation of the
wheels as a function of suspension deflection [42].
For this example model, the axes of all prismatic joints are parallel with the z axis
of vehicle body’s CoM frame, the suspension does not include anti-roll bars, the spring
and damping rates are linear, and the wheel orientations are not modified as functions of
suspension deflection. The linear graph modeling method described in Chapters 2 and 4
does not prevent the inclusion of any of the complexities added by Sayers. They were left
out of this example purely in the interest of simplicity and clarity of presentation.
Tires were included in the DynaFlexPro model using 4 identical instances of the tire
component described in Chapter 4. The ADAMS/Pacejka method of evaluating effective
rolling radius was used, according to equation (3.13), with parameters found in Table
A.5. Tire transient behavior was modeled using extra state variables, as defined by
equations (3.22) -(3.25); an external function was used to calculate longitudinal and lateral
relaxation lengths as functions of normal force and inclination angle according to the
ADAMS stretched string equations (3.27) and (3.28), with parameters located in Table
A.6. A Pacejka 2002 tire model function was used to calculate the tire forces and moments.
Tire model parameters are listed in Table A.4.
All other model parameters, including masses, rotational inertias, spring and damping
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Figure 2.2: Generic 4 Wheeled Vehicle Model with Independent Suspension [70]
systems do not include anti-r ll bars and the spring a d damping rates are linear.
Also, the wheel orientations are not dependent on the kinematics of the actual
suspension system. Revolute joints (shown as cylinders in Figure (2.2)) are used
to permit the wheel to rotate about its spin axis and a motion driver is used to
model the steering, wher the la t r only applies to the fr nt wheels However,
the steering angl s will not add a degree f fr edom to the model because they
are prescribed motions of time. The torque from the engine (the torque require
to propel the vehicle forward) and the braking torque (the torque required to stop
the vehicle) are applied to the revolute joint representing the spin axis of the tire.
Both the to que a d the steering are applied to the m del as functions of time
and the same amount is u ed on ll joints respectively. The un prung mass of the
suspension system is modeled as a rigid body between the prismatic and revolute
joints (or steering motion drivers for the front corners of the vehicle).
The generic vehicle model is a 14 degree of freedom (DOF) model: 3 associated
with the translation of the vehicle body and 3 associated with its orientation, 4
associated with the deflection of the suspension systems, and 4 affiliated with the
wheel spins. Thus, 14 generalized coordinates can be used to model the vehicle so
that no constraint equations are required. The suggested set of modelling variables
is the 6 coordinates representing the vehicle body, the joint angles of the revolute
joints, and the joint coordinates of the prismatic joints [81].
The fidelity of the simplified vehicle model can be increased by using lookup
tables to modify the position and orientation of the wheels as a function of suspen-
sion deflection [82]. Lookup tables can also be used to provide spring and damping
forces. Also, the axis of the suspension system (the axis of the prismatic joints) can
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be tilted to account for the fact that the suspension deflection may not be entirely
in the vertical direction [82]. Sayers [82] has also proposed a method to include the
extra roll stiffness (could be from an anti-roll bar for example) in the model.
Sayers [81] used AutoSim to formulate the governing equations of the generic
four wheeled vehicle model. The governing equations went through a series of mod-
ifications and some fine-tuning before they were incorporated into the commercial
software package CarSim. CarSim is used world wide to design and test passenger
vehicles. Sayers [81] used CarSim for hardware in the loop testing for an electronic
control unit of a baking system.
ADAMS/Car RealTime from MSC.Software and ve-DYNA from Tesis DY-
NAware are also software packages that are used to analyze passenger cars based on
the simplified model [5, 9]. These packages specifically target real-time applications
of vehicle systems.
The specialized programs, such as CarSim and ve-DYNA, offer many advantages
to analyzing vehicle systems, even though the topology of the vehicle is fixed. Most
of them offer a graphical user interface that allows the user to enter the parameters
specifically for the model and to choose certain options he/she wishes to use in the
model, such as the tire model. They also offer a very good post-processing tool
that has the capabilities of plotting all of the results and performing animations on
them.
There are a number of other software packages that have been developed to
analyze vehicle systems that are not dependent on a fixed vehicle topology. Thus,
the user has the option to model any vehicle system, such as a truck trailer system
or an articulated steered vehicle for example.
ADAMS/Car is a product developed by MSC.Software, and uses MSC.ADAMS
to obtained the governing equations of vehicle models. In order to analyze vehicle
systems in ADAMS/Car all components of the vehicle must be specified and thus
the vehicle model is a high-fidelity vehicle model [4]. ADAMS/Car has been exten-
sively used in industry to design and analyze vehicle systems. However, it is based
on a complete numerical approach and is thus not feasible for real-time applications.
ADAMS/Car also has the capabilities to analyze specific vehicle components, such
as the suspension, by performing extensive kinematic and dynamic analysis on the
system.
Postiau et al. [76] used ROBOTRAN to formulate the governing equations of
a 3-D vehicle model with multi-link suspension at all wheels. They exported the
simulation code into the C language and imported it into the Matlab/Simulink
environment. The vehicle system was simulated in Matlab/Simulink, and a 10
second double lane change maneuver took about 11 seconds to simulate [76].
Elmqvist et al. [36] used Dymola to create vehicle models with various different
topologies. One of the topologies used was a similar topology to the simplified model
described by Sayers [36]. The simulation code obtained from Dymola was exported
in the form of C code and compiled on a real-time target machine using software
23
from Matlab and Opal-RT [81]. They performed a double lane change maneuver
in real-time. They also incorporated a MacPherson strut front suspension and
a trailing arm rear suspension into their model. An analytical solution exists to
the constraint equations associated with the MacPherson strut and a trailing arm
suspension; thus they used the analytical solution to the constraint equations along
with an ODE solver to solve the dynamic equations. The simulation performed in
real time for a double lane change maneuver [36].
Morency [70] developed an approach to analyze wheeled vehicle systems on a
flat road when a symbolic formulation approach is used to obtained the governing
equations of vehicle systems. Morency [70] developed a tire component that permits
the tire forces and moments to be calculated at each time step through a number of
procedure calls. His approach was implemented in the DynaFlexPro (DFP) software
package and is now an add-on component to DFP called DynaFlexPro/Tire.
DFP offers many advantages to analyzing vehicle systems. The topology of the
system is not fixed in DFP; thus the user has the option to analyze any vehicle
system. The modelling variables are not fixed in DFP allowing the user to choose
the set of generalized coordinates he/she wishes to represent the system. DFP can
analyze multi-domain engineering systems, and it is based in the Maple symbolic
language allowing symbolic simplification and optimization techniques to be per-
formed on the equations once they are formulated. However, it is restricted to
vehicle systems rolling on a flat road.
2.4 Tire Modelling
The response of vehicle systems is highly determined from the development of
the forces and moments that result from the interaction between the tire and the
road [23, 81]. The only other major external forces that act on vehicle systems are
the aerodynamic forces and the gravitational forces, with the aerodynamic forces
having a secondary influence [81].
The interaction between the tire and the ground is dominated by the defor-
mation of both the tire and the ground in each of the contact patches developed
between the tires and the ground. There are four different possibilities to model
the deformation and contact between the two bodies and they are: use a rigid tire
and a rigid ground; use a deformable tire and a rigid ground; use a deformable tire
and a deformable ground; and use a rigid tire and a deformable ground [17]. The
latter approach is commonly used in off-road vehicle modelling since the ground
will deform much more than the tire [21]. The first type is commonly used to model
rail vehicles (e.g. trains) and the second type is mostly used to model passenger
vehicles where the tire is a pneumatic tire and the road ia a paved road surface
or a solid dirt surface [23, 103]. Since the second type is applicable to passenger
vehicles, it is the type that is most widely used.
The carcass of the pneumatic tire is constructed from a metal belt with polymer
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fibers woven at precise angles to the belt. Rubber compounds are coated around
the carcass to increase its strength and improve its wear characteristics. The tread
pattern of the tire is carved into the rubber compounds. The tire is fabricated
out of highly non-linear anisotropic materials. Thus, it is difficult to predict the
exact behavior of the tire using an analytical model [23]. There are also many
uncontrollable factors that are difficult to predict that affect the tire forces and
moments (inflation pressure and tread wear for example). Finite element methods
can be used to predict the response of the tire, but there is an overhead with the
computational cost associated with using these methods.
There are two different ways to model the tire and the method chosen is de-
pendent on the type of analysis that is going to be performed on the vehicle. A
ride analysis is typically done on a vehicle to perform a durability analysis on a
suspension unit or to determine the ride comfort of the passengers [74]. A han-
dling analysis is performed on the vehicle to determine its performance in several
different situations such as acceleration, cornering, braking, or combinations of the
three [74]. A ride analysis is usually a frequency analysis performed on the vehi-
cle, whereas a handling analysis is an analysis where the dynamic response of the
vehicle is determined.
In a ride analysis, the tire is represented as a combination of springs and dampers
in the normal direction (direction normal to the road) in order to perform a vibra-
tion analysis on the tire and the vehicle to determine the natural frequencies and
mode shapes of the system. A typical ride analysis performed on a passenger car
is a four post test, where each of the tires is displaced vertically to determine the
displacement of the chassis as well as its settling time [43]. Tire models used in this
type of analysis are denoted as physical tire models.
In a handling analysis of the vehicle, the pneumatic tire can be represented as a
single spring and damper in the normal direction since the vibrations in the tire are
accurately predicted by this configuration [74]. However, it is difficult to determine
an analytical model that can predict the lateral and longitudinal force, as well as
the moments that are also generated because of the interaction of the tire with the
road. Therefore, analysts rely on physical tests to predict how the tire is going
to behave in certain situations. The tire is tested on a machine that measures
the forces and moments at the interaction between the tire and the ground for
various wheel orientations and deflections, forward velocities, and spin rates [23].
The results from the tests are then summarized in tabular form and can be used
during simulation to predict the tire forces and moments. However, a large amount
of interpolation will be needed to determine the proper force (or moment) to use
because there is likely a large number of data points to interpolate through. This
leads to very slow simulations.
Mathematical functions can be used to fit curves to the measured data. The
models try to extract important characteristics from the physical tests and present
them as a set of equations that can be used to predict the tire forces and moments
based on a set of tire intermediate parameters as input. The set of parameters
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describe the current state of the tire. These mathematical expressions are easier
to evaluate as compared to interpolating through a whole table. These types of
tire models are known as mathematical tire models and will be referred to as tire
models in this thesis. Tire models are considered as being semi-empirical because
they are based on results from test data with the structure of the equations that
properly describe the behavior of the tire [75].
Tire models are most widely used in vehicle dynamic studies since they predict
the lateral and longitudinal forces as well as the moments that arise in the contact
patches between the tire and the road. There are several different proposed types
of tire models that can be used to predict the tire forces and moments. The most
accurate tire models are very complex and are based on a large set of data, such
as the 2002 Pacejka tire model [74]. Simplified tire models exist that can predict
the tire forces and moments based on a small set of parameters that describe the
tire, such as the Fiala tire model [23]. The tire model is a compromise between the
desired accuracy and computational cost of evaluating the expressions. The 2002
Pacejka tire model [74] and the Fiala tire model [38] are used in this thesis to model
the tire.
2.5 Road Modelling
The road model plays an equally important role as the tire model in the calculation
of the tire forces and moments. There are two generic ways to model the road: as
a solid surface or as a deformed surface. The latter is commonly used in off-road
vehicle modelling where the road is normally defined as a complete finite element
mesh. This method has been used by Schmid [86, 85] to define the terrain in order
to analyze a Military vehicle in off-road applications. Schmid [86] also showed that
when the vehicle is equipped with pneumatic tires it is important to also define the
tire as a finite element mesh to properly determine the contact and deformation
between the tire and the road. Proper determination of the contact between the
tire and the road and of the deformation of the tire leads to proper calculation of
the tire forces and moments.
The most common types of road models assume that the deflection in the road
is negligible. This is the most common type since the passenger vehicle is the
most widely analyzed vehicle and in most circumstances is rolling on a solid surface
(pavement/ashfalt, cement, solid dirt). There are multiple ways of defining the
road as a solid surface, and some of the most popular ones are as follows: as a
triangular mesh, as a complete finite element mesh, as a mathematical function,
and as a single surface normal vector [23, 11].
The road model is defined so that the contact between the tire and the ground
can be effectively determined [76]. For the longest time the road was defined as a
single plane at zero elevation with the surface normal being equivalent to the global
Z axis (if the global Z axis corresponds to the vertical axis of the vehicle body) [23].
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This permitted the contact between the tire and the ground to be easily calculated
as a single point contact. Note, it is at the center of pressure in the contact patch
where the tire forces and moments act [23]. Thus a key part in determining the
tire forces and moments is the determination of the contact point between the tire
and the ground.
It became noticed that a flat road is not sufficient enough to completely predict
the behavior of the vehicle. Thus, mathematical functions were used to model
road obstacles that were superimposed on the flat road to determine the response
of the vehicle in situations where it encountered a hill or a pothole [23, 11]. As
finite element methods became more popular, the road was defined as a triangular
surface mesh or as a complete finite element mesh [23]. The road is defined as
a set of triangular patches when the triangular surface mesh is used to model
the road, where each patch is modeled as a flat surface with the element surface
normal being defined [11]. This permitted elevation changes in the road surface
to be modeled [23]. The road is modeled as a 3-D (complete) finite element mesh
in situations where both handling and ride analysis are important [74]. In these
situations the tire is also modeled using finite element methods and the contact is
determined based on the interaction of the two meshes [74].
The road has also been defined as a 3-D elevation function (z = f(x, y)) which
defines the surface of the road everywhere in the cartesian space. Postiau et al. [76]
used this definition to analyze a vehicle with multi-link suspension on different 3-D
road trajectories. They showed that this method works best in a symbolic approach
to analyzing the vehicle [76].
In the past decade, it has become more and more popular to define the road
in tabular form by specifying the centerline of the road and using a piecewise
cubic spline to define the road between different data points [23, 11]. This permits
obstacles to be analyzed as well as a complete track to be defined allowing the
response of the vehicle to be determined. The road bank angle is also defined in the
table as well as the friction coefficients of the road surface. Also, with this approach
a driver model is required to force the vehicle to stay on the path defined by the
centerline of the road [23]. This method is used by most software packages that are
specific to vehicle analysis, such as CarSim and MSC.ADAMS for example [11, 10].
The methods to define the road will be further explored in this thesis.
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Chapter 3
Pneumatic Tires on a 3-D Road in
a Multibody Systems Context
3.1 Overview
The response of an automobile in all situations is highly dependent on the forces
developed in the contact patch between each of the tires and the ground. The
tire forces developed at the tire/road interaction are what governs how the vehicle
responds to external forces, such as the aerodynamic force, and to changes in the
vehicle state [81].
3.2 Incorporating a Tire on a 3-D Road in a Multi-
body Systems Model of the Vehicle
The determination of the tire forces is important when modelling vehicle systems.
Sayers and Han [81] outlined a number of steps necessary to incorporate the highly
non-linear tire in a multibody dynamics model of the vehicle. However, in the
development of their approach, they assumed that the road surface is flat and can
not take on any three-dimensional (3-D) shape. The steps outlined by Sayers and
Han can be extended to include the effects of the road by adding an intermediate
step to determine the contact point between the tire and the ground [24]. The
necessary steps to include a tire rolling on a 3-D road in a multibody dynamics
model of the vehicle are as follows.
1. Define a point where the tire forces will act on the multibody model of the
vehicle
2. Determine an expression to locate the contact point between the tire and the
ground
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3. Select an expression for the normal force
4. Establish directions for the ISO unit vectors
5. Determine expressions for the most common kinematic inputs required by tire
models
6. Use a tire model to determine expressions for the magnitudes of the remaining
tire forces and moments
The second step (2) is the additional step that is required to analyze vehicle systems
on 3-D roads since the location of the contact point is not known a priori.
The six steps will be discussed in detail, followed by an explanation of the thin
disk tire model with variable radius — the chosen method to calculate the contact
point between the tire and the ground. Details of the approach are given, followed
by a discussion of how the contact point is determined. The chapter ends with a
breakdown of how to solve the two equations that determine the contact point at
each time step.
3.2.1 Define a Point Where the Tire Forces Will Act on the
Multibody Model of the Vehicle
The forces that result from the interaction of the tire and the road act at the contact
point between the tire and the ground (point P in Figure (3.1)). The contact point
is the center of pressure of the contact patch (contact area), which is necessary
to transmit the forces and moments between the tire and the ground. It is not a
fixed point on the tire nor on the road, thus it is inconvenient to apply the forces
and moments at this point. Therefore, it is common practice to apply them at the



























Figure 3.1: Point of Force Application of the Tire Forces and Moments
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An additional moment needs to be considered when moving the point of force
application to the tire center. This additional moment is dependent on the vector
from the tire center to the contact patch (~rP/C).
~FC = ~FP (3.1)
~MC = ~MP + ~rP/C × ~FP (3.2)
3.2.2 Determine an Expression to Locate the Contact Point
Between the Tire and the Ground
The contact point between the tire and the ground is easily determined when the
road is assumed to be a flat road. In this particular case, the point of contact is
located at the geometric center of the contact patch [23] (point P in Figure (3.3)).
There exists a few methods that can be used to calculate the vector ~rP/C when
the road is assumed to be flat. Two of the most popular methods assume a shape
of the tire to determine this vector. The first method assumes the tire can be
approximated as a thin disk and was proposed by Postiau and Sayers [76, 81]. The
second method was recommended by Blundell and Harty and approximates the tire
as a toroid [23]. In practice, both methods give very similar results for small camber
angles and either one can be used [74]. However, for larger camber angles, as can
be seen in motorcycles for example, the second method is more accurate [74].
Either of these methods can be used to determine the vector ~rP/C when the road
is assumed to take on any 3-D form for small camber angles. The first approach
will be used in the present work because of its ease of implementation. However,
when the road is assumed to vary, the contact point can not be assumed to be at
the geometric center of the contact patch and its location has to be determined.
In the present work, the thin disk tire model with variable radius will be used
to determine the point of contact, and is shown in Figure (3.2). With this approach
the tire is assumed to be a planar disk with variable radius. Essentially, the radius
of the disk is allowed to vary along with its location in the wheel plane until the tire
comes into contact with the ground. The radius of this disk is the loaded radius
(Rl) and the vector ~rP/C is the vector going from point C to point P in the wheel
plane of the thin disk. Refer to section (3.3) for more details on this approach.
3.2.3 Select an Expression for the Normal Force
A tire model is used to calculate the forces and moments in the contact patch and
one of the most common inputs to tire models is the normal force [23]. The normal
force will act in the same direction as the road surface normal at the point of
contact. The vehicle model is developed to analyze vehicle systems in acceleration,
braking and handling situations. Therefore, the tire can be modeled as a single
spring and damper in the normal direction, as shown in Figure (3.3), since the











Figure 3.2: Contact Point Determination
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Figure 3.3: Calculation of the Tire Normal Force
With this approach, the normal force (FZ) is given by Equation (3.3).
FZ = (max)((ktδ + ctδ̇), 0) (3.3)
where, δ represents the tire penetration into the ground and the maximum
function (max) is used to ensure that the normal force is zero when the tire is no
longer in contact with the ground, kt is the spring constant and ct is the damping
coefficient. If the road contains small obstacles that are close to the size of the
contact patch, then a more advanced method is required to calculate the normal
force [23, 74].
3.2.4 Establish Directions for the ISO Unit Vectors
A tire model will give the magnitudes of the tire forces and moments and a tire
axis system will specify in which direction they act. Both are needed since a force
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is a vector and needs a magnitude and a direction. There are two popular tire
axis systems — the Society of Automotive Engineers (SAE) tire axis system, and
the International Organization for Standardization (ISO) tire axis system [43]. The
latter system is shown in Figure (3.4), and will be adopted in the present work since
it is a more common system, and since SAE is considering adopting the system.
Figure 3.4: ISO Tire Axis System
The ISO system was developed for vehicles rolling over flat roads [1], but can
be extended to vehicles traveling over 3-D trajectories. Expressions for each of the
tire ISO unit vectors can be determined using simple vector operations. It is to
be noted that the road profile is specified as a general function of x and y, i.e.
z = f(x, y). The ISO Z unit vector (ûISOZ) is in the same direction of the surface
normal at the point of contact [1]. The surface normal (nz) can be obtained using
vector calculus, as shown in Figure (3.5), since the road surface is specified as a
general function [92]. Thus, the ISO Z unit vector is calculated by normalizing the



















The ISO X unit vector (ûISOX) points in the direction of wheel heading and is
perpendicular to both the ISO Z unit vector and the axis of symmetry of the tire
(ûSymAxis) [1], which is equivalent to the spin axis of the tire that is shown in
Figure (3.4). The ISO X unit vector is determined using Equation (3.5).
ûISOX =
ûSymAxis × ûISOZ
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Figure 3.5: The Normal Vector of a Parametric Surface
The ISO Y unit vector (ûISOY ) is perpendicular to both the ISO X and the ISO Z
unit vectors and is chosen to form a right handed coordinate system [1]. The ISO
Y unit vector is calculated using Equation (3.6).
ûISOY = ûISOZ × ûISOX (3.6)
The ISO Y unit vector will point in the lateral direction of the vehicle and thus the
lateral force (Fy) and rolling resistance moment (My) act along this unit vector.
The longitudinal force (Fx) and the overturning moment (Mx) act along the ISO
X unit vector, and the normal force (Fz) and the aligning moment (Mz) act along
the ISO Z unit vector.
3.2.5 Determine Expressions for the Most Common Kine-
matic Inputs Required by Tire Models
There are several different variables that are used to obtain the magnitudes of the
tire forces and moments. The majority of tire models require a subset of seven
parameters as input: the normal force, the inclination angle (camber angle), the
forward speed of the tire, the spin rate, the effective rolling radius, the longitudinal
slip, and the lateral slip angle [89]. These variables are dependent on the position,
velocity and orientation of the tire with respect to the ground reference frame as
well as the directions of the ISO unit vectors. The ground reference frame is the
inertial reference frame.
The inclination angle (γ) is the angle between the ISO Z unit vector and the
tire plane, as shown in Figure (3.4). The tire plane is the plane of the planar disk
that represents the tire [76]. The inclination angle is a measure of how much the
wheel is tilted away from the plane made by the X and Z ISO unit vectors. It is
also referred to as the camber angle, but the term inclination angle will be used
throughout this thesis. An expression for the inclination angle can be determined
from geometric relations using the axis of symmetry of the tire and the ISO unit
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vectors, and is shown in Equation (3.7).
γ = arcsin((ûISOY × ûSymAxis) · ûISOX) (3.7)
The forward velocity of the tire (VXC) is obtained by determining the component
of the velocity of the tire center along the ISO X unit vector, and is shown in
Equation (3.8). The velocity of the tire center (~VC) is obtained from the vehicle
model.
VXC = ~VC · ûISOX (3.8)
The angular velocity of the tire (~ωC) is the vector sum of three components: the
inclination rate (~ωC · ûISOX), the spin rate (Ω), and the yaw rate (ωZ) [8].
~ωC = (~ωC · ûISOX) ûISOX + ΩûSymAxis + ωZ ûISOZ (3.9)
The angular velocity components can be orthogonal, or non-orthogonal, and in fact
are non-orthogonal for an inclined wheel (ûSymAxis 6= ûISOY and ωZ 6= ~ωC · ûISOZ).
The spin rate is the important component since it is the angular speed of the tire
about its symmetry axis as shown in Figure (3.4). An expression for the spin rate
of the tire can be determined by rearranging Equation (3.9).
Ω = ~ωC · ûSymAxis − (ωZ ûISOZ) · ûSymAxis (3.10)
Note, the ISO X unit vector will always be perpendicular to the axis of symmetry of
the tire (refer to Equation (3.5)). Equation (3.10) can be simplified by substituting
Equation (3.7) into it.
Ω = ~ωC · ûSymAxis − ωZ sin(γ) (3.11)
Equation (3.12) can be used to rearrange Equation (3.11) so that it is in terms of
quantities that are easily measured or obtained during simulation. Equation (3.12)
is determined from geometrical relations when the wheel is inclined.
ωZ = ~ωC · ûISOZ − Ω sin(γ) (3.12)
The final form of the spin rate is shown in Equation (3.13).
Ω =
~ωC · ûSymAxis − (~ωC · ûISOZ) sin(γ)
cos2(γ)
(3.13)
The effective rolling radius (Reff ) is defined as the radius of an imaginary disk
that rolls without slipping and has the same free rolling properties as the actual
tire — it is the radius of the tire in the free rolling state. The free rolling state is
defined as a loaded wheel that is not subjected to any driving or braking torques [1].
The effective rolling radius is closely related to the spin rate at zero slip angle and
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zero inclination angle (Ω0), and is shown in Equation (3.14). The slip angle will be





The forward velocity and Ω0 are normally measured experimentally when the above
formula is used [1]. The effective rolling radius will not be equal to the unloaded
radius (Ru) or the loaded radius (Rl) of the tire since there is always some slip
and distortion present in the contact patch of the tire. It usually lies between the








Figure 3.6: Different Measures of the Tire Radius
There are several different methods that can be used to estimate the effective
rolling radius, and some of the most common methods are as follows.
• Use the loaded radius (Rl) — Reff = Rl = |~rP/C |
• Use the unloaded radius (Ru) — Reff = Ru
• Use a formula created by the developers of MSC.ADAMS [7], and shown in
Equation (3.16)
ρ = Ru −Rl (3.15)













In Equation (3.16), ρ is the tire deflection, ρFZ0 is the tire deflection at some nominal
value of the normal force, and B, D and F are parameters that describe the tire [7].
The formula proposed by the developers of MSC.ADAMS was created based on
experimental results. They found that the effective rolling radius is dependent on


















Figure 3.7: Estimates of the Effective Rolling Radius
tire model since this tire model can only be used if experiments are done on the tire.
In this thesis, Equation (3.16) will be referred to as the ADAMS/Pacejka method
for estimating the effective rolling radius.
Figure (3.7) compares the three methods for a typical sport utility vehicle tire
and shows that at higher normal forces the effective rolling radius should be esti-
mated using Equation (3.16). Note, Reff in Figure (3.7) was obtained using the
ADAMS/Pacejka method and the parameters used to generate the figure can be
found in Appendix (C). At lower normal forces the effective rolling radius can be
estimated by assuming that it is equal to the loaded radius. It can be noted that
the loaded radius is obtained once the location of the contact point is known. The
method chosen to estimate the effective rolling radius is dependent on the desired
accuracy.
The longitudinal slip (S) is a measure of how fast the wheel is spinning relative
to its free rolling state. During braking, the wheel will spin slower than the free
rolling case and the longitudinal slip is negative. The opposite is true during accel-






Substituting Equation (3.14) into Equation (3.17) results in a popular definition of
the longitudinal slip since the variables are easily measurable — VXC is obtained







It can be noted that Ω0 is defined for a wheel with zero inclination angle and thus
Equation (3.17) and (3.18) are defined for a wheel with zero inclination angle.
Modifications have to be made to Equation (3.18) to calculate the longitudinal
slip of an inclined wheel. The numerator of equation (3.18) gives the negative





Point E is a distance of Reff from the wheel center and is located along the vector
~rP/C , and is shown in Figure (3.6). It can be noted that point E is close to the
contact point, but does not coincide with it unless Reff = Rl. To be applicable to
inclined wheels, Equation (3.19) must be written in terms of the velocity of point
E only. In order to do this it is necessary to consider a wheel that translates, tilts
and yaws with the actual tire, but does not rotate with it. This wheel is known as
the geometrical wheel [76]. A g will be used to denote a quantity that measures a
characteristic on the geometrical wheel. Therefore, Equation (3.19) can be written











∣∣∣(~VC + (~ωC − ΩûSymAxis)× ~rE/C) · ûISOX∣∣∣ (3.20)
It can be noted that, VXC = V
g
XE for a free rolling wheel with no inclination angle. It
can also be noted that the velocity of point E on the geometrical wheel is calculated
in a way that permits the tire to be inclined with respect to its rotational axis; refer










Figure 3.8: Inclined Wheel with Respect to the Rotational Axis
velocity to obtain the velocity of point E on the geometrical wheel, and is thus
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valid for inclined and non-inclined wheels. It can be further noted that all of the
equations previously derived (Equations (3.7)-(3.13)) also allow for a wheel to be
inclined with respect to its rotational axis.
The longitudinal slip and the longitudinal force (Fx) should always oppose
the sign of VXE, and this is the reason why the absolute value is used in Equa-
tions (3.17)-(3.20). Equation (3.20) is recommended by Blundell and Harty [23]
and by Pacejka [74], and will be used throughout this thesis to calculate the longi-
tudinal slip.
The lateral slip angle (α) is a measure of slip in the lateral direction and exists
when the velocity of the tire is not completely along the ISO X axis. It is defined as
the angle between the direction of wheel heading and the direction of wheel travel
and is shown in Figure (3.4) [1]. The ISO definition of the lateral slip angle is given







The velocity of point P is used to allow the slip angle to be calculated for a wheel
with an inclination angle, and because it is at this point where the tire slip occurs.
This is similar to using point E instead of the wheel center for the longitudinal slip.
The contact point is not a fixed point on the tire and wheel spin motions must
be ignored to follow its trajectory. Thus, the expression for the lateral slip angle









~VC + (~ωC − ΩûSymAxis)× ~rP/C
)
· ûISOY∣∣∣(~VC + (~ωC − ΩûSymAxis)× ~rP/C) · ûISOX∣∣∣
 (3.22)
The absolute value is used to ensure that the value of the lateral slip angle is correct.
It should be positive when VY P is positive so that the lateral force (Fy) is positive.
This allows its value to be correct whether the vehicle is going forward or in reverse.
The ISO definition will be adopted in this thesis.
The tire forces do not develop instantly, but build up as the tire rolls. A dynamic
lag can be introduced to model this characteristic and there are two methods that
are commonly used to model the lag and these are as follows.
• Use a steady state tire model that takes delayed longitudinal slip and lateral
slip angle as input
• Use a tire model that has the dynamics built into it
The preferred method is the first approach since it permits the analyst to choose a
desired tire model independent of the method used to introduce dynamic lag [75, 81].
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The accepted behavior to model dynamic lag is to model the delay as two first
order differential equations, one for the longitudinal slip, and one for the lateral slip
angle, with a parameter called the relaxation length. The relaxation length is simi-
lar to a time constant except that it has units of length instead of time [22, 74, 81].
Two differential equations have been proposed by Bernard and Clover [22] and mod-






















Blong and Blat are the relaxation lengths in the longitudinal and lateral directions
respectively. It is important to note that the steady state response of the two
differential equations is the kinematic slip equations previously derived. It can also
be noted that the kinematic slip equations can not be used when the velocity is
zero since this quantity appears in the denominator of the equations. However,
the delayed slip equations can be used when the velocity is equal to zero. This
property is important for driving simulators since in a driving simulator the vehicle
may come to a complete stop [22].
When the differential equations were derived by Bernard and Clover, they as-
sumed constant values for the relaxation lengths. However, Pacejka [74] did some
physical tests on the tire transients and determined that the relaxation lengths can
vary significantly with normal force (FZ), longitudinal slip (S), and lateral slip an-
gle (α). The developers of MSC.ADAMS created the stretched string method to
model the dependency of the relaxation length on the tire normal force and inclina-
tion angle (γ) [7]. They developed this approach by considering the behavior of a
string that follows the tire circumference and is kept under a certain pretension by
a uniform radial force distribution that is comparable to the inflation pressure of








(PTX1 + PTX2dFZ) e
PTX3dFZ (3.26)








where, FZ0 is the nominal normal force between the tire and the road, γ is the
inclination angle, Ru is the unloaded radius, and the rest of the parameters are
determined from physical tests.
Pacejka [74] also determined that the accuracy of the delayed slip equations is
compromised at low speeds since for small values of V gXP and V
g
XE, Equations (3.23)
and (3.24) act as integrators of V gY P and VXE. This can give rise to large values
of longitudinal slip and lateral slip angle. To eliminate S and α from taking on
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unreasonable values, Pacejka [74] proposed setting each of the equations equal to
zero when the forward speed was below a threshold and when the longitudinal slip
and lateral slip angle were over a certain threshold and growing. The algorithm
suggested by Pacejka [74] is shown in Table (3.1).













else: use Equation (3.23)













else: use Equation (3.24)
Table 3.1: Pacejka’s Algorithm for Limiting the Derivatives of the Tire Slip Pa-
rameters When Tire Transients are Important
If it is anticipated that the vehicle will come to a stop during simulation and
start up again, or if tire transients are important, then the delayed slip equations
should be used. These equations are appended to the governing equations so that
they are solved at each time step to obtain the slip parameters. The algorithm
suggested by Pacejka will be used when results from physical tests are available;
else constant values will be used for the relaxation lengths.
3.2.6 Use a Tire Model to Determine the Remaining Tire
Forces and Moments
The magnitude of the tire forces and moments are obtained using a tire model given
the kinematic variables as input. These forces are then acted along the direction of
the ISO unit vectors. The tire model used to calculate the tire forces and moments
in this thesis is a mathematics-based tire model. As previously mentioned, these
types of tire models are designed to match the results obtained from doing physical
tests on the tire and are used to analyze the vehicle in acceleration, braking, and
cornering maneuvers.
There are a few observations that can be made about pneumatic tires in regards
to the tire force and moment generation and some of them are presented below [23,
74, 68]. The tire models attempt to capture the behavior explained below and thus
these observations should be seen in the the tire curves obtained from each tire
model.
• The lateral (Fy) and longitudinal (Fx) forces increase with increasing normal
force, but the relationship is non-linear
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• When the slip parameters are low, Fx is proportional to the longitudinal slip
(S), and Fy is proportional to the lateral slip angle (α)
• When the slip parameters are high, Fx and Fy become saturated and their
maximum values are determined by the coefficient of friction between the tire
and the road
• When both Fx and Fy are present (combined slip situation), the value of Fx
will be lower than it would have been if there was a case of pure longitudinal
slip, and the same is true for Fy but with the case of pure lateral slip
• The inclination angle decreases the size of the contact patch and thus has
a diminishing effect on the forces and moments generated; however, a small
inclination angle can lead to an increase in the lateral force
• An aligning moment (Mz) is present when the tire is steering and tends to
bring the tire back to the straight ahead position, and depends primarily
on the slip angle and secondarily on the normal force, longitudinal slip, and
inclination angle
There are several different tire models that exist and a review of some of them is
described by Pacejka and Sharp [75], and by Blundell and Harty [23]. The different
tire models can vary greatly and their complexity is dependent on the number of
parameters that are used to construct the tire curves from physical tests. Some of
the more complex tire models require sophisticated tests to be done on the tire to
obtain the parameters that are used to construct the tire curves. Also, the more
sophisticated the tire model, the more computationally expensive it is. The desired
tire model is not necessarily the most sophisticated tire model, but the one that
gives the desired level of accuracy for the vehicle test being performed. Two of
the most common tire models will be used in this thesis, and each of them will be
described in the next two sections.
Fiala Tire Model
The Fiala tire model, developed by Fiala in 1954 [23, 38] is a simplified model that
does not require extensive and complicated physical tests to determine the necessary
parameters. It is the default tire model in MSC.ADAMS and is constructed using
6 basic parameters. This simplified tire model has several limitations and these are
as follows.
• The model does not consider changes in the inclination angle
• The tire curves must pass through the origin (the forces and moments are
zero when the slip parameters are zero)
• The model does not represent the combined slip situations accurately
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• The lateral and longitudinal stiffness are constant and thus do not change
with normal load
• The overturning moment (Mx) is assumed to be zero
Despite these limitations, the Fiala tire model is still widely used because of its
simplicity. The model requires the normal force (Fz) and a subset of the kinematic




S2 + tan2 (α) (3.28)
µ = µ0 − SLα (µ0 − µ1) (3.29)






















Mx = 0 (3.33)
My =
{








The list of the parameters used in the Fiala tire model is shown in Table (3.2).
The cornering stiffness, lateral stiffness, rolling resistance moment coefficient,
peak coefficient of friction, sliding coefficient of friction, and the width of the tire
are the 6 parameters that are required as input to the Fiala tire model. The stiffness
coefficients are measured from test results or can be estimated using an approxi-
mation such as the method proposed by Hewson [50]. The comprehensive slip ratio
is the resultant of the longitudinal slip and lateral slip angle and determines the
current slip state of the tire. It is used to estimate the current coefficient of friction
between the tire and the ground which is somewhere between the static coefficient
of friction and the sliding coefficient of friction. The current coefficient of friction
is estimated using linear interpolation.
Tire curves from the Fiala tire model are shown in Figures (3.10) and (3.11).
The figures also compare the results obtained from this simplified model to those
obtained from the 2002 Pacejka model, a more sophisticated tire model. General
observations from the figures will be made in the next section.
The Fiala tire model has several if statements that are used to construct its
equations, and thus numerical values need to be sent to the model to obtain the
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µ The current value of the coefficient of friction
µ0 The peak coefficient of friction between the tire and the ground (the
static coefficient of friction)
µ1 The sliding coefficient of friction between the tire and the ground (occurs
at pure sliding; slip=100%)
CS The longitudinal tire stiffness (the slope of the Fx vs S tire curve at S = 0
(units - force))
Cα The lateral tire stiffness (the slope of the Fy vs α tire curve at α = 0
(units - force/radian))
Cr The rolling resistance moment coefficient (units - length)
D2 The tire width (units - length)
SLα The comprehensive slip ratio
H The slip angle intermediate parameter
Table 3.2: The List of Parameters Used in the Fiala Tire Model Equations
tire forces and moments. This implies that there is no closed form solution. Thus,
in the symbolic formulation stage there is no possibility of obtaining a closed form
solution to the governing equations that includes the tire forces and moments being
calculated using the Fiala tire model. This is also the case when other tire models
are adopted. Therefore, in a multibody systems context, the tire forces and mo-
ments need to be evaluated during simulation and not during formulation. During
simulation, the numeric values for the tire model inputs will be known. Thus, there
is a need to develop a simulation code structure that permits the governing equa-
tions to be generated using a symbolic approach and permits the tire forces and
moments to be evaluated during simulation. A simulation code structure has been
created to do this, and details can be found in Chapter (4).
Pacejka Tire Model
The Pacejka tire model is known as one of the most accurate tire models and is
widely used and accepted for use in handling studies of the vehicle on flat roads [23].
The Pacejka tire model is also known as the magic tire formula and has been de-
veloped based on previous versions of the model. The magic formula tire models
were developed using trigonometric expressions to match the results obtained from
physical tests [23]. These types of tire models are always going through changes
as different researchers propose new versions of the model. The first version was
introduced by Bakker et al. in 1986 [18], and was very simple and only had expres-
sions for the longitudinal force, the lateral force, and the overturning moment. The
longitudinal force was a function of only the longitudinal slip and the lateral force
and aligning moment were a function of only the lateral slip angle. However, the
first version outlined the general form of the tire curves [18], and the most current
versions are still based on the general form. One of the most recent versions is the
2002 Pacejka tire model. This tire model takes into consideration several of the
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non-linear effects, including the inclination angle and combined slip (the friction
circle) [74].
The general form of the magic formula model that is used to calculate the lateral
force, longitudinal force and aligning moment is shown below:
x = X + Sh (3.36)
y (x) = D sin (C arctan (Bx− E (Bx− arctan (Bx)))) (3.37)
Y (X) = y (x) + Sv (3.38)
where, Y (and y) is the force or moment in consideration, X (and x) is the slip
parameter, Sh is the horizontal shift, Sv is the vertical shift, and A through E
are the magic formula coefficients. The horizontal and vertical shifts are used to
account for the effects of ply steer (the tire tends to drift one way), conicity (the
tire is not perfectly circular), and inclination angle.
The magic formula coefficients are best described with reference to Figure (3.9).








Figure 3.9: Pacejka Tire Model Coefficients
of the tire curve in the x direction is controlled by the shape factor (C). The
stiffness factor (B) controls the slope of the tire curve at the origin. However, the
slope of the tire curve is decided by B, C, and D. The non-linearity of the tire
curve is governed by the curvature factor (E), which also affects the position where
the peak coefficient occurs [23].
A magic tire formula is constructed by determining expressions for each of the
factors for each of the force and moment curves given the normal force and kinematic
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parameters as input. These factors are usually dependent on several coefficients that
are determined from physical tests performed on the tire. One of the most basic
magic formula tire models is shown below for the lateral force and is dependent on






















E = (k5Fz + k6) (1− k7sign (α) γ) (3.42)
where,
k0 The linear coefficient of friction
k1 The coefficient of friction reduction (reduces µ with
load)
k2 The camber coefficient (reduces tire grip with camber)
k3 The maximum cornering coefficient
k4 The vertical load at which maximum cornering stiffness
occurs
k5, k6, and k7 The curvature factor coefficients
Table 3.3: The List of Coefficients Used in the Pacejka Tire Model Equations
Note, the shape factor is usually around 1.3 for passenger vehicles and is treated
as a constant [74]. The complexity of the magic tire model can improve as the
accuracy of each of the factors is increased. The 2002 Pacejka tire model for instance
uses 117 parameters to describe a single tire [74]. It is to be noted that this model
also includes expressions for the overturning moment and the rolling resistance
moment. The equations for the 2002 Pacejka model are too lengthly and thus will
not be presented here, but can be found in the book published by Pacejka [74].
The 2002 Pacejka tire model will be used throughout this thesis and an example
of the tire curves obtained from this model is presented in Figures (3.10) and (3.11).
The tire curves obtained from the Fiala tire model are also shown in the figures
to allow for a comparison between the two tire models. The parameters used to
construct the tire curves are presented in Appendix (B). The curves presented in
the figures represent the response of a typical tire for a generic four-wheeled vehicle.
The nominal condition is defined as the state when the tire is acting at its nominal
load with zero slip parameters and inclination angle (S = α = γ = 0). The nominal
load of the tire used for demonstration purposes is 5900N. The lateral force tire
curve is used to show how the tire models respond to cases of combined slip, non-
zero inclination angle, and changes in the normal load. An example of the tire



































































































































































































































































































































































































































































































































































The Fiala tire model and the 2002 Pacejka tire model give approximately the
same result for the nominal case and changes in the normal load for pure lateral
(or longitudinal) slip. For cases of combined slip or when an inclination angle is
present, the Fiala tire model does not produce the same result as the Pacajka model,
and the difference is more drastic in the combined slip situation, e.g. Figure (3.10
b). These two observations can also be made to the other tire curves when they
are obtained for cases of combined slip and changes in the inclination angle. It
can be seen from Figure (3.11) that the overturning moment is zero for all slip.
In fact, most tire models will yield this result. It is to be noted that if there is
an overturning moment, the 2002 Pacejka model will predict this effect, and it is
zero for this particular tire only because of the coefficients that were obtained to
represent the tire. The rolling resistance moment is a constant and independent
of the slip parameters for both of the models. The 2002 Pacejka tire model does
predict the rolling resistance moment as a function of the longitudinal velocity and
the lateral force. It is just a constant in this case because of the coefficients that
were used to represent the tire. The 2002 Pacejka model is more accurate than the
Fiala tire model, but is more computationally expensive. The Fiala tire model is
not as accurate but would be sufficient when the vehicle is not accelerating/braking
and cornering at the same time (combined slip situation).
3.3 Calculation of the Contact Point Between the
Tire and the Road
3.3.1 Comparison of Two Models
There are a number of approaches that can be used to calculate the contact point
between the tire and the ground, and some of the most popular ones are as follows:
the 3D equivalent volume model [3], the torus tire model [23], finite element methods
(FEM) [73], and the thin disk tire model with variable radius [76]. Table (3.4) briefly
explains how the tire and the road are modeled for each approach along with how
the contact point is determined.
It is essential that the method used to calculate the contact point between the
tire and the ground be amenable to being incorporated in a symbolic formulation
approach of the governing equations. It is reminded that the tire model will be
used for handling studies of the vehicle and not for durability studies. Thus, it was
decided not to use finite element methods since they are computationally expensive,
designed for both handling and durability studies of the vehicle, and are difficult to
implement in a symbolic formulation of the governing equations. Furthermore, the
torus tire model was eliminated because it requires more calculations to determine
the contact point than the remaining two approaches. The 3D equivalent volume
model is not easily implemented in a symbolic formulation approach.
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The tire penetration is determined by
finding the volume of penetration be-
tween the undeformed tire and the
road and comparing it to the case
when the tire is rolling on a flat road.
The contact point is determined by
passing a line from the centroid of the
penetration volume to the wheel cen-
ter and the contact point is the point
of intersection between this line and




The tire is mod-
eled as a torus
with radius equal
to the radius of
the undeformed
tire and with the
diameter of the
carcass equal to





The contact point is determined by
passing a line from the center of the
undeformed tire carcass to a point on
the road surface where the line is nor-
mal to the road surface. The point of
intersection between this line and the
road surface is the contact point. The
tire penetration is the distance of in-
tersection along this line between the
undeformed tire carcass and the road






FEM mesh FEM mesh The contact point is determined by
calculating the center of pressure of
the contact area between the tire and
the ground. The penetration of the
tire is determined by calculating the
deflection of each of the nodes in the
















The radius of the planar disk is varied
along with its orientation in the wheel
plane until the tire comes into contact
at a single point with the ground (re-
fer to Figure (3.2)). The tire penetra-
tion is the difference between the un-
deformed radius and the magnitude
of the variable radius.
Table 3.4: Comparison Between the Different Approaches to Calculate the Contact
Point Between the Tire and the Ground
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However, by changing the road model to be an elevation function instead of a
triangular mesh and by assuming that the tire can be represented as a cylinder, it
can be easily implemented in a symbolic approach. Therefore, a simple model was
created to compare the 3D equivalent volume model to the thin disk tire model
with variable radius.
The simple model is the moving quarter car model. The quarter car model is a
model that is typically used to test the durability of a single suspension system [100].
It is also used to determine the wheel hop frequency and the body motion frequency
of the suspension/vehicle [42]. The suspension system is estimated as a lumped 2
DOF model with the suspension being represented by a single spring and damper









Figure 3.12: Original Quarter Car Model
model is typically a frequency input at the road (through Z0). The typical model
can be combined with either one of the approaches by calculating the contact point
between the tire and the ground and using this information to calculate the normal
force (Ftire model) that acts on the unsprung mass (mu) of the suspension system,
as is shown in Figure (3.13). With this particular model, the tire is modeled as a
force input and not as a single spring. Instead of having the frequency as an input,
the tire normal force is used as an input along with the velocity in the forward
direction of the suspension system.
The 3D equivalent volume approach uses the concepts developed by Davis [32] to
calculate the tire penetration and the location of the contact point. Davis developed
the radial spring tire model, where the tire is modeled as a set of springs in the
radial direction and the deflection of each of these spring determines the deformed
area and the tire deflection [32]. This concept will be used here, but instead of
modelling the tire as a set of springs, it will be modeled as a planar disk. Thus,









Figure 3.13: Moving Quarter Car Model
to have no effect in the location of the contact point. This is a reasonable estimate
when the tire is used to model the vehicle in handling situations with small camber
angles [98, 79, 33]. The tire deflection (δ) is determined by calculating the deformed
area (A) between the undeformed tire (planar disk) and the ground and equating
this to a deformed area that would be obtained if the tire was rolling on a flat















Figure 3.14: Calculation of the Tire Penetration Using the 3D Equivalent Volume
Model
centroid of the deformed area (xc, zc) and creating a line that passes through the
centroid and the wheel center, refer to Figure (3.15). The contact point is the
intersection of this line with the road surface. The force (Fr) acts along this line
at the road surface (the contact point) and the vertical component of this force
(Ftire model) is what acts on the suspension system. Numerical integration is used
to determine the area of penetration and the centroid of the area [93].
The thin disk tire model with variable radius was described in Section (3.2.2),
and is discussed in detail in Section (3.3.2).
The two approaches were compared by having the moving quarter car model















Figure 3.15: Determination of the Contact Point Using the 3D Equivalent Volume
Model
Equation (3.43) and in Figure (3.16).
Ground Profile =

x < 0.5 m : 0 m





































Figure 3.16: The Ground Profile (Speed Bump) Used to Compare the Two Ap-
proaches to Calculate the Contact Point
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The suspension used for the comparison was the front left suspension of the
Chevrolet Equinox. It was assumed to have an initial velocity of 2m/s. The pa-
rameters used for the analysis and the set of initial conditions can be found in
Appendix (C). The equations representing this system were derived by hand and
hard-coded into Matlab, and the analyzes were performed in Matlab using the
ode45 solver with a tolerance of 1E-3 (both relative and absolute). Figures (3.17)
and (3.18) show comparisons between results obtained from the two approaches
and the following conclusions can be made.
• The thin disk tire model with variable radius gives a slightly larger result for
both of the results obtained (Zu, Zs)
• Both of the results cross the x-axis at the same time (frequencies match)
• The two responses resemble one another
• The maximum value obtained from the thin disk tire model occurs slightly
before the maximum value obtained from the 3D equivalent volume model
approach
• The 3D equivalent volume model determines contact with the bump before





























Postiau Road Model Radial Spring Tire Model Ground Profile
Figure 3.17: The Vertical Displacement of the Sprung Mass Versus Time
A comparison of the simulation times for a 4s simulation duration is shown in


































Postiau Road Model Radial Spring Tire Model Ground Profile
Figure 3.18: The Vertical Displacement of the Unsprung Mass Versus Time
Approach Simulation time (s)
3D equivalent volume model 22.07
Thin disk tire model with variable radius 0.76
Table 3.5: Comparison Between the Simulation Times Obtained from both Ap-
proaches Used to Calculate the Contact Point
It can be seen that the results obtained from both approaches are in phase,
but their amplitudes are different, and this is because of one of the underlying
assumptions with the thin disk tire model with variable radius approach. This
method assumes that there is only one point of contact with the ground. Therefore,
when there is more than one point of contact with the ground, only one of them
is used and not the average of them as it should be, refer to Figure (3.19). The
3D equivalent volume model takes into consideration the ground profile and abrupt
changes in the ground profile. However, the thin disk tire model with variable radius
approach simulates 29 times faster than the 3D equivalent volume model approach
because there is only one numerical iteration (to locate the variable radius in the
wheel plane) required to obtain the result. Therefore, it was decided to use the thin
disk tire model with variable radius method because of its ease of implementation
with a symbolic formulation approach and because of its improved simulation time.
It is also important to note that the present case (vehicle going over a speed bump)
would be a model used in durability studies of the vehicle and not in handling
analysis of the vehicle. In handling analysis of the vehicle, abrupt changes in the







Figure 3.19: The Limiting Assumption to the Thin Disk Tire Model with Variable
Radius Approach
a range that can be properly predicted by tire models [62]. Thus, the difference
between the two models will be even less.
3.3.2 Thin Disk Tire Model with Variable Radius
The thin disk tire model with variable radius approach was developed by Postiau et
al. [76] using a model proposed by Fisette and Samin [40]. The nomenclature that
is used to describe this approach in this thesis is shown in Figure (3.20), where,
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Thin disk tire with variable radius 
3D road 









r  C 
Figure 3.20: Nomenclature Used to Describe the Thin Disk Tire Model with Vari-
able Radius Approach
the vector ~c locates the tire center and the vector ~p establishes the contact point.
P is the frame at the contact point, where P̂1 is in the wheel plane and tangent to
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the wheel, P̂3 is also in the wheel plane and acts along the variable radius, and P̂2
is chosen to make the coordinate frame right-handed. C is the frame at the tire
center, where Ĉ2 is equivalent to the spin axis, and the symmetry axis of the tire,
Ĉ3 is in the wheel plane and used as a reference to locate the variable radius, and
Ĉ1 is chosen to make the frame right-handed. Q is the road reference frame, and
is chosen to be equivalent to the inertial reference frame, i.e. ~q = 0. The road
reference frame is only used to ensure that the forces and moments are balanced —
the tire forces and moments should also be reacted on the road surface. The vector
~rP/C is the variable radius and the ground (inertial) reference frame is given by X̂,
Ŷ , and Ẑ.
The assumptions to this approach are as follows.
• The road is modeled as an elevation function (z = f(x, y))
• The radius of the road is much larger than the tire radius, implying that there
is only one point of contact between the tire and the ground
• The ground is assumed to be rigid and smooth
• The tire is assumed to be a planar disk with variable radius
As discussed briefly in Section (3.2.2), the contact point is obtained by varying
the radius of the planar disk and its orientation in the wheel plane until it comes
into contact at a single point with the road surface. This is accomplished by
solving Equations (3.44) and (3.45) [76]. These equations were developed using the
terminology specified above.
Equ1 = ~p · Ẑ − f(~p · X̂, ~p · Ŷ ) = 0 (3.44)
Equ2 = P̂1 · ûISOZ = 0 (3.45)
Equation (3.44) states that the height of the contact point calculated from the road
profile (z = f(x, y)) and from the tire center (using vector ~c and the variable radius
~rP/C ; ie ~p = ~c+~rP/C) must be the same. It represents the fact that the tire must be
in contact with the ground. Equation (3.45) states that the tire must be tangent
to the ground at the point of contact. It forces the unit vector P̂1 to be equivalent
to the ISO X unit vector (refer to Equation (3.5)).
The two equations need to be expressed in a form that permits them to be
solved using numerical techniques. This can be accomplished using geometrical
relations to update the equations so that they are a function of the magnitude of
the variable radius (w =
∣∣~rP/C∣∣) and its orientation θ, the angle between Ĉ3 and
the variable radius, as shown in Figure (3.21). Equations (3.44) and (3.45) can be
updated by expressing the vector ~p and the unit vector P̂1 in terms of w and θ.
56
 









Figure 3.21: The Reference of the Orientation (θ) Used to Locate the Variable
Radius
Equations (3.46)-(3.48) are used to accomplish this [24].
~rP/C = w cos (θ) Ĉ3 − w sin (θ) Ĉ1 (3.46)












It is to be noted that the ISO Z unit vector can also be expressed in terms of
the variable radius and its orientation by substituting expressions of the x and y
components of the vector ~p from Equation (3.47) into Equation (3.4). Note, also
that the equations are expressed in the ground reference frame (global frame). The
rotation matrix ([RC ]
T ) is used to transform the vectors expressed in the tire frame
(frame C) to the ground reference frame so that the equations are expressed in a
common frame.
3.4 Newton-Raphson Iteration Scheme
A system of two non-linear equations needs to be solved at each time step for each
tire in order to determine the contact point between the tire and the road at the
time of interest. These two equations can be solved using either a numerical or a
symbolical approach. If a symbolic method is to be used then the equations are
solved during the formulation stage allowing the result to be used during simulation
to determine the contact point between the tire and the ground. On the other
hand, if a numerical approach is used then the equations are developed during
the formulation stage and solved during simulation using the desired method. It
is important to note that the equations will be large and complex because they
are both dependent on the elevation function that is used to define the road and
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the height of the tire. Thus, it may take a long time to obtain an analytical
solution and there may also be cases where an analytical solution may not exist.
This was confirmed by solving the two equations for several different forms of the
road function using Maple’s solve package, which is a procedure embedded into
Maple that uses a symbolic approach to solve systems of non-linear equations [12].
Table (3.6) shows the amount of time required to obtain a solution using Maple’s
solve package for different road profiles. The table shows that the more complex
Road function (z = f(x, y)) Time to obtain expressions (s)
z = Ax+By 0.26
z = Ax2 +By2 54min
z = Ax2 +Bx+ C 11.18
z = Ax3 +By3 >5hrs
z = Ax3 +Bx2 + Cx+D >7.8hrs
z = simple piecewise function 10.2min
Table 3.6: Comparison Between the Times Required to Obtain an Algebraic Solu-
tion for the Location of the Contact Point using Maple’s solve Package
the road function is, the longer it takes to obtain a solution and that for some road
functions a solution may not even exist. Thus, using a numerical approach to solve
the two equations is more desirable since a solution will always exist. However,
symbolic techniques can still be utilized to optimize the numerical approach during
the formulation stage since a symbolic formulation is used.
There exists several different numerical approaches that can be adopted to solve
the set of non-linear equations. However, the Newton-Raphson iteration scheme is
used since this approach is quadratically convergent [77]. The general form of the
Newton-Raphson iteration scheme is shown in Equation (3.51).
F (x) =
f1 (x1, · · · , xm)...
fm (x1, · · · , xm)












· · · ∂fm(x)
∂xm
 (3.50)
xn+1 = xn − J (xn)−1 F (xn) (3.51)
where, F is a column matrix of the m equations to be solved, x is a column matrix of
the m variables to be solved, and J is the jacobian matrix. Thus, for this particular
case, the F matrix will consist of Equation (3.44) and (3.45). The Newton-Raphson

























This method is an iterative scheme and needs a necessary criteria for conver-
gence. The error (the F matrix), a convergence measure, or both can be used as
the criteria. The F matrix can be utilized by verifying that both of the equations
are below a desired amount, as shown in Equations (3.53) and (3.54).
|F1| = |Equ1| ≤ 0.01 (3.53)
|F2| = |Equ2| ≤ 0.01 (3.54)
A measure of the convergence of the Newton-Raphson can be utilized by monitoring
the result of both w and θ and comparing them to their previous results. Conver-
gence is achieved when the difference between the two results is below a desired




|θn+1 − θn| ≤ 0.01 (3.56)
Note, a normalized amount is used to determine the convergence of w, but not
for θ since the units of θ will always be in radians. The latter approach will be
adopted, with the tolerance shown in Equations (3.55) and (3.56) to determine the
convergence criteria of the Newton-Raphson iteration since it is not required to use
both methods.
The equations usually converge within 2 to 4 iterations using either criteria. It
is also important to note that an initial guess needs to be specified to the Newton-
Raphson method, and if the initial guess is not close to the solution the system
may diverge and not converge. Thus, it is important to have a proper initial guess
when using this scheme. Nonetheless, this method is used to obtain the contact
point between the tire and the road surface for each tire at each time step.
3.5 Road Model Types
There are many different road profiles that can not be modeled by a single elevation
function. It is also very difficult to match experimental road data to a single
function that represents the road properly. Thus, in cases where the road can not
be modeled as a single elevation function a set of tabular data is used to represent
the road. A spline is utilized to create the elevation function between two sets
of data points, where each data point consists of a location on the centerline of
the road with respect to the cartesian (global) reference frame. It is common
practice to represent the road as a set of x, y, and z data points that represent
the centerline of the road [78, 16], and this method is used by MSC.ADAMS [3]
and CarSim [2]. The distance traveled along the path (centerline of the road), s,
is used as the independent variable in the spline function, allowing the spline to be
a one-dimensional spline [16, 45, 27]. There are also many cases where the road
plane varies only in the x direction and just banks with respect to the y direction.
59
A banked road is defined by the z = 0 road plane that is rotated with respect to
the local x axis of the road. In this case a piecewise spline is used to represent the
data and the x position is used as the independent variable in the spline functions.
Figure (3.22) shows the flow diagram that is to be followed when choosing the
desired method to define the road. Note that α is the bank angle. It can also be
 Can the road be modeled as a single elevation function? 
Yes No
z = f(x,y) 
Road needs to be 
defined in tabular form 
z = f(x) 
- Table of x, z, 
and α 
z = f(x,y) 
- Table of x, y, z, 
and α 
Single spline Piecewise spline 
Piecewise  
spline 
Can the road be defined as a function of x only? 
Yes No
Can the road be represented accurately 
as a single spline that is based on a 
curve fit through all data points? 
Yes No
Figure 3.22: The Flow Diagram for the Road Model Type
noted that a single spline can be used to represent the road — a single spline is
a single curve fit to all of the data [46]. This option is only available when the
road varies with respect to x only, since there are only a few cases (like a hill for
example) that can be represented properly in this manner.
Once the tabular data is known, the distance traveled along the path is calcu-
lated using Equation (3.57).
sn+1 = sn +
√
(xn+1 − xn)2 + (yn+1 − yn)2 + (zn+1 − zn)2 (3.57)
The spline coefficients are determined based on the desired spline order. Through-
out this thesis a cubic spline will be used to represent the road between two data
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points. The cubic spline is chosen because it permits the second derivative to be
continuous throughout the road profile [16, 77]. However, a linear spline should
be used if the cubic spline function causes the road profile to vary too much from
the straight line between two data points. If this is the case then the distanced
traveled along the path (as per Equation (3.57)) will inadequately indicate the cur-
rent section of the road. Also, when a cubic spline function is used the second
derivative is required as input in order to calculate the spline coefficients. It can
be specified in the table representing the road, or can be approximated by solving
a system of equations given the value of its second derivative at two data points as
input [77]. Throughout this thesis the second derivative is assumed to be known
ahead of time and specified in the table as input. The cubic spline coefficients are
given in Equations (3.58)-(3.62), and shown in Figure (3.23).






















(2 (sn+1 − sn))
(3.60)
∆z = (zn+1 − zn)

















































Figure 3.23: The Nomenclature Used to Describe the Cubic Spline
The road can also be banked with respect to its x axis, xroad, to allow its height
to vary along the y axis of the road, yroad [94], and is shown in Equation (3.63) and
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in Figure (3.24).
z = (tan (α)) yr (3.63)





























Figure 3.24: The Nomenclature Used to Describe the Bank Angle
bank angle for each section of the road (between two data points) is also specified
as input in the table. It is to be noted that the yroad axis lies in the XY plane,
and that a simple rotation by β about the global Z axis can be used to rotate yr to
the global frame. This permits the bank angle to be specified with respect to the
global frame, as shown in Equation (3.64).







where x is the current x position of the tire, y is the current y position of the tire,
and β can be calculated from the data in the table representing the road. It can
be noted that the data specified in the table is with respect to the global reference
frame. Note in most circumstances the axis of the road frame will not be aligned
with the global axis and thus a translation between frames is also required, as shown
in Equation (3.64).
The road functions are combined by superposition to give the final form of the
elevation function that represents the road between two data points, as shown in
Equation (3.66).
z = ASs3 +BSs2 + CSs+DS
+ (tan (α)) (− sin (β) (x− xn) + cos (β) (y − yn)) (3.66)
= z1 + z2 (3.67)
The current distance traveled by the vehicle is used to determine the current
elevation of the road at each of the axles of the vehicle in order to determine the
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current cubic spline coefficients for each tire. Note, the current distance traveled
by the axle (saxle) needs to be used in Equation (3.66) to determine z1, and not
the current distance traveled by the tire as is used to calculate z2. Refer to Equa-
tion (3.68) and Figure (3.25) for an example of how this is done for the front axle
of a passenger vehicle.
saxle = s+ sfront axle (3.68)
Note, the top view is used in Figure (3.25) for clarification purposes. The axle
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Figure 3.25: The Distance Traveled Along the Path of the Road by a Front Tire
position may not be on the centerline of the road as is shown in Figure (3.25),
but will be close to it since drastic changes in the road are not permitted nor are
they realistic. If there is a bank angle specified than the current position of the
tire along with the current bank angle are used to adjust the elevation of the road
appropriately.
The thin disk tire model with variable radius outlined in Section (3.3) can still
be used to determine the contact point between the tire and the ground. How-
ever, when determining the surface normal it is important that the chain rule from
calculus is used. As an example, this is shown in Equation (3.70) for the partial





























Note, that the second partial derivative term (∂z1/∂x) in the equation is to account
for the direction of the surface normal to ensure that it is properly defined with
respect to the global reference frame. It is also equivalent to rotating the first




(xn+1 − xn)2 + (yn+1 − yn)2
(3.71)
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A similar derivation to that shown previously can be done for the case when the
road only varies in the x direction. In fact, this is a special case of the equations
presented, where s becomes a function of x and z only since the centerline of the
road always lies along the y = 0 position.
The thin disk tire model can still be used to calculate the contact point since
the road is still defined as a function, but in sections instead. It can also be noted
that it is also common to use a driver model when the centerline of the road is
specified to force the vehicle to follow the predefined path [23, 61]. Therefore,







Two equations have been obtained to solve for the contact point between the tire
and the ground. These equations are solved using the Newton-Raphson iteration
scheme (a numerical scheme) for each tire at each time step. However, symbolic op-
erations can be used to improve and prepare the equations for simulation because a
symbolic formulation approach is utilized. Modifications to them can be performed
using symbolics to decrease the time required to solve the equations. The method
is implemented in Maple, which is a general-purpose computer algebra package.
Maple is created by Maplesoft, a leading provider for high-performance software
tools for engineering, science and mathematics [12].
Based on the modified equations, a simulation code structure is created to per-
mit the forces and moments that are applied to the vehicle model (FC and MC from
Figure (3.1)) to be evaluated at each time step for each tire. This code structure is
based on the steps necessary to include a tire on a 3-D road in multibody dynamic
models of the vehicle, as outlined in Section (3.2). During the formulation stage,
the simulation code structure is used to create a number of procedure calls that
allow the forces to be evaluated through intermediate stages, such as determining
the contact point between the tire and the ground, and calculating the tire forces
and moments using a tire model.
Methods to improve the two equations using symbolics is discussed first, fol-
lowed by the introduction of the hardware float environment and simulation code
optimization. The development of the simulation code structure is defined and dis-
cussed. The chapter ends with a brief discussion of how the structure is integrated
in the DynaFlexPro software package, which automatically generates the governing
equations given the description of the system as input [8].
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4.2 Developments of the Newton-Raphson Itera-
tion Routine
A full numerical approach is one where the equations are reconstructed within
the Newton-Raphson method at each iteration before they are solved. However,
a full numerical approach is not required since the approach is implemented in a
symbolic environment. Thus, symbolic methods can be used to first construct the
equations and then use them in the numerical iteration to solve for the contact
point. This eliminates the equations from having to be re-formulated inside each
iteration. Further improvements/developments can be made to the equations to
better prepare them for simulation using symbolic techniques.
4.2.1 Custom Approach Versus Maple’s fsolve
The two equations can also be solved using Maple’s fsolve package, which solves
systems of non-linear equations based on a combination of root location and numer-
ical techniques like the Newton-Raphson method [29]. However, fsolve does many
different manipulations to the equations before they are solved and uses more than
one method to determine the result [12] — many of these additional modifications
are not required when there are only 2 equations to be solved and the result is a
real number and not an imaginary one. Thus, it was decided to create a custom
approach based on the Newton-Raphson method and to compare the time required
to obtain the result to that of fsolve for different road profiles. The initial position
and orientation of the tire frame (frame C) of the front left tire of the Chevrolet









 1 0 00 1 0
0 0 1
 (4.2)
The only other necessary information to solve the equations is the road profile that
is required to generate them and an initial guess. It was decided to use an initial
guess of w = −Ru = −0.355m and θ = 0rad since the tire is initially aligned with
the global frame. Table (4.1) shows a comparison of the times required to obtain
a solution from the two different approaches for three different road profiles. Note,
the times recorded in the table are the average of 5 runs. Note, for the second
case, the position of the front left tire was modified appropriately to account for
the vehicle being inclined with the road profile. Also, for both cases the equations
were developed first and then used in the iteration scheme for the custom approach
and as input to fsolve.
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Road function Maple fsolve (s) Custom approach (s)
z = 0 (flat surface) 0.39 0.28
z = x (45deg inclination) 0.60 0.15
z =
{
0 : x ≤ 5
(x− 5) : x > 5 1.27 1.26
(Combination of both)
Table 4.1: Comparison Between the Times Required to Obtain a Solution for the
Contact Point Using the Custom Approach and Maple’s fsolve Package
The time required to obtain the solution is faster when using the custom ap-
proach than using the embedded approach in Maple. It can be noted that the result
obtained from both methods was the same for the three cases considered. Note,
for both cases the software float environment was used by Maple to determine the
solution. However, significant gains can be achieved in the simulation time if the
hardware float environment is used over the software float environment [55]. This
is only achievable with the custom approach since fsolve will always operate in the
software float environment. Also, the equations can not be exported when fsolve
is used since it is an embedded procedure within Maple. Refer to Section (4.3) for
details on the software and hardware float environments.
Therefore, the custom approach is used as the method to solve for w and θ at
each time step. Additional improvements can be made to the custom approach by
optimizing the equations before they are solved. Doing this will lead to further
improvements in the time required to obtain a result.
4.2.2 Prepare the Equations for Simulation and Pre-Compute
the Inverse of the Jacobian
The number of mathematical operations performed in each iteration to calculate
w and θ can be decreased by developing the equations before the Newton-Raphson
iteration scheme. This is similar to the in-line integration approach used in Dy-
mola [72]. Thus, the results are used during the iterations by making substitutions
into the equations, specifically for ∆w and ∆θ, which are shown in Equations (4.3)
and (4.4).

















wn+1 = wn + ∆w

















θn+1 = θn + ∆θ
Therefore, within the Newton-Raphson scheme, the equations are used directly
without requiring any development. It can be noted that the two equations can
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be hard-coded if the road function is known ahead of time, in which case the
equations do not have to be reformulated at each time step before the Newton-
Raphson scheme is used to determine the contact point; resulting in a decrease in
the simulation time.
It is the inverse of the Jacobian matrix that requires the most computations
to perform when formulating the two equations. It can be obtained using an LU
decomposition approach [41] or using the known solution — a solution to the in-


























The equations can be developed using the LU decomposition or the known solution
instead of calling Maple’s external function to calculate the inverse. It is to be
noted that the simulation/formulation time is also decreased by eliminating the
number of function calls [97]. Thus, the number of operations required to obtain
the final result for ∆w and ∆θ using both of the two approaches is compared, and
the results are summarized in Table (4.2).






Table 4.2: Comparison Between the Number of Operations Required to Formulate
the Two Equations Using the LU Decomposition Approach and the Known Solution
to the Inverse of a 2 × 2 Matrix
It can be seen that the number of operations required to obtain the equations
are the same using either of the approaches. Therefore, the known solution to
the matrix inverse will be adopted to formulate ∆w and ∆θ because of its ease of
implementation. It can be noted that the ∆w and ∆θ presented in Equations (4.3)
and (4.4) were developed using the known solution to the inverse of the Jacobian
(Equation (4.5)).
4.2.3 Convergence of the Newton-Raphson Iteration Scheme
The main disadvantage of using the Newton-Raphson method is that the inverse
of the Jacobian is required to solve the two equations and when det(J) is close to
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zero, the Jacobian becomes ill-conditioned. When it is ill-conditioned the system
of equations may take a long time to converge or may even diverge [53]. Depending
on the initial guess of w and θ, the system of equations may diverge. Thus, the
conditioning of the determinant of the Jacobian is dependent on the initial guess.
It is to be noted that the most common initial guess used for the Newton-Raphson
iteration scheme is to use the previous result for the current iteration [46]. The
determinant of the Jacobian is equal to zero when the value of w and θ in Equa-
tion (3.45) is such that the P̂1 unit vector is parallel to the surface normal ûISOZ ,
as shown in Figure (4.1). In this circumstance, the dot product of the two vectors
1Ĉ  
1Ĉ  3Ĉ  
C
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Result at time t = n Initial guess at time t = (n+Δn) 
ISOZû  
Figure 4.1: Case when the Determinant of the Jacobian can be Equal to Zero
can not be equal to zero [99]. If the tire rotates by a certain amount in one time
step and the previous result is used as the initial guess to the Newtom-Raphson
algorithm, it may cause the inverse of the Jacobian to be ill-conditioned since it
may cause the two vectors to be close to parallel, as shown in Figure (4.1). It is
to be noted that it is the value of θ that causes the Jacobian to be ill-conditioned
and not the value of w. Therefore, there needs to be a means to ensure that the
Jacobian is not ill-conditioned so that the scheme always yields a valid result.
An ill-conditioned Jacobian can be avoided by doing one of the following.
• Monitor the determinant of the Jacobian and change the initial guess when
appropriate
• Use a non-spinning tire frame
A non-spinning tire frame is a frame on the geometrical wheel, and thus moves with
the tire, but does not rotate (spin) with it. With this approach the unit vector Ĉ3
(the reference for θ) remains in the wheel plane, but does not spin with the tire.
This method will prevent the Jacobian from being ill-conditioned in most cases
since the tire will pitch with the vehicle and the pitch of the vehicle is directly
related to the road profile [43]. However, the initial guess is still important to the
Newton-Raphson method and may still cause the Jacobian to be ill-conditioned
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even if a non-spinning frame is used. Thus, both methods are utilized to prevent
the Jacobian from being ill-conditioned.
The conditioning of the Jacobian was determined by performing a series of simu-
lations by varying the initial guess of θ and monitoring the value of the determinant
of the Jacobian. The criteria was chosen by monitoring the time and the number
of iterations required to obtain a result. It was found that if det(J) ≥ 0.8, the
system of equations will converge in 1 to 3 iterations based on the error defined in
Equations (3.55) and (3.56). Below this limit the equations will take more than 3
iterations to converge if they converge at all. Therefore, if det(J) < 0.8 then the
initial guess of θ is changed by 90◦ to ensure the conditioning of the Jacobian, as





















Figure 4.2: Initial Guess of θ Changed to Ensure that the Jacobian is Not Ill-
Conditioned
The convergence of the Newton-Raphson method is dependent on the initial
guess, and when it is close enough to the solution, the system of equations will con-
verge in 2 iterations based on the convergence measure defined in Equations (3.55)
and (3.56). It is not beneficial to use the previous result as an initial guess to the
Newton-Raphson iteration since when a variable time step integrator is used, the
integrator will repeat previous time steps in order to achieve the desired tolerance.
When this occurs the result from the previous time step may not be close enough
to the solution. Thus, it is best to always use the same initial guess and to monitor
the initial guess of θ so that the determinant of the Jacobian remains greater than
0.8. In the majority of the cases, the road profile will be similar to that of a flat
road and the orientation of the non-spinning frame will be such that Ĉ3 is close
to pointing in the same direction as Z from the reference frame (assuming the z
position of the chassis is aligned with the global Z axis). Note, the geometrical
wheel will pitch with the vehicle, thus Ĉ3 will remain close to the surface normal
of the road profile. Therefore, a good initial guess to use is θ = 0 and w = −Ru,
as shown in Figure (4.3). Thus, by using a non-spinning frame and monitoring the
determinant of the Jacobian, and changing the initial guess of θ when appropriate,











Figure 4.3: Example of the Fixed Initial Guess
4.3 Hardware Float Environment
There are two types of float environments for evaluating functions and perform-
ing operations in Maple and these are the software and the hardware float envi-
ronments [12]. A hardware float environment uses hardware floats at a desired
precision to evaluate the function/expression/procedure by converting the floating
point numbers to floating point arguments and passing them to functions to per-
form the operations [55]. On the other hand, a software float environment will
convert the floating point operations into a number of function calls, and use pre-
defined libraries to perform the operations — the operations are all performed in
software [55]. Symbolic operations are high-precision ones and thus require a lot
of time to perform them. Maple, unfortunately can not handle both environments
simultaneously due to the different floating point argument passing conventions be-
tween the two approaches [28]. Thus, if a symbolic computation is required, then
the software float environment is used for all computations and this causes the
simulation to be much slower than in the hardware float environment.
Maple will automatically use the high-precision computational environment
when there is only one symbolic operation required [28]. Therefore, if the two
equations necessary to calculate the contact point are formulated within the road
model at each time step for each tire, Maple will use the software float environment
to perform all of the operations — even though the majority of the operations could
be performed in the hardware float environment. The road model is a procedure
built around the Newton-Raphson iteration scheme to determine the contact point
between the tire and the ground, and is used to compare the two different float
environments for three different road profiles. Two Maple sub-routines were cre-
ated for one tire at one time step, where the first sub-routine calculates the two
equations and then performs the numerical iterations to calculate the contact point
using the calculated equations. The two equations are hard-coded into the second
sub-routine allowing the numerical iterations to be performed directly based on
the current position and orientation of the tire, which is taken as the front left
tire of the Chevrolet Equinox (refer to Equations (4.1) and (4.2)). The results are
summarized in Table (4.3) with the simulation times being the average of 5 runs.
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z = 0 (flat surface) 0.031 0.015
z = sin (x) (hill) 0.032 0.016
z = x2 + y2 0.047 0.016
Table 4.3: Comparison Between the Times Required to Obtain a Solution for the
Contact Point Using the Software Float and Hardware Float Environments
As can be seen from the table there is about a 200 to 300% increase in the time
required to obtain a result when the software float environment is used over the
hardware float environment. It can also be noted that a more significant decrease
in the simulation time will be noticed when the complete vehicle is simulated for
more than one time step. Thus, all symbolic operations should be eliminated during
simulation so that Maple can function in the hardware float environment resulting
in a significant decrease in the simulation time.
The road model function needs to be pre-defined (hard-coded) in order to be
able to force Maple to operate in the hardware float environment. This requires that
a road model be created for each road profile that one wishes to analyze. However,
Maple functions can be used during the formulation stage to automatically create
the road model based on the desired road profile to eliminate all symbolic operations
during simulation. This is accomplished using the symbolic operations during the
formulation stage to construct both ∆w and ∆θ and then build a procedure around
them that is based on the Newton-Raphson iteration to calculate the contact point.
It is to be noted that the road model also determines the ISO unit vectors, the vector
~rP/C , and the loaded radius and sends them back to the vehicle model. Thus, the
procedure that is created also includes the equations necessary to determine the
desired outputs from the road model. The steps necessary to accomplish this during
the formulation stage are outlined below.
1. Calculate ∆w, ∆θ, and detJ (det(J)) based on the road function z = f (x, y),
and combine the results into a single column vector by assigning each equation
to a component of NR OUT; refer to Figure (4.4)
2. Generate the ISO unit vectors, the vector ~rP/C , and the loaded radius and
combine the results into a single column vector by assigning each equation to
a component of NRIteration; refer to Figure (4.5)
3. Create the first portion of the middle of the procedure as a string by specifying
that all three of the components of the first column vector (all three of the
NR OUTs) be assigned to their appropriate equations; refer to smidle1 in
Figure (4.6)
4. Create the next portion of the middle of the procedure as a string by spec-
ifying the criteria for the determinant to ensure that the Jacobian is not
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ill-conditioned; refer to smidle2 in Figure (4.6)
5. Develop the third portion as a string by creating the Newton-Raphson method
utilizing the result for ∆w, ∆θ, and by specifying the criteria for convergence;
refer to smidle3 in Figure (4.6)
6. Formulate the final portion of the middle part as a string by specifying that
all of the components in the second column vector (all of the NRIterations)
be assigned to their appropriate equation; refer to smidle4 in Figure (4.6)
7. Create the top portion of the procedure as a string by assigning the posi-
tion and orientation of the tire center to their appropriate variables and by
initializing a guess for w and θ; refer to s top in Figure (4.6)
8. Create the end portion of the procedure as a string by ending the procedure;
refer to sbottom in Figure (4.6)
9. Parse all of the steps together to create the final road model procedure; refer
to Figure (4.6)
Note that the procedures can be hard-coded for the cases when the road is
represented in tabular form since the functions that represent the road are known
ahead of time. Thus, the simulation time can be greatly improved by allowing
Maple to run in the hardware float environment during simulation.
4.4 Simulation Code Optimization
The optimization and expression manipulation routines in Maple can be used to op-
timize the code for simulation. Maple has several expression manipulation routines
embedded into it that can be used to simplify the expressions in order to decrease
the computational cost to evaluate them [71]. Two of the most popular routines are
simplify() and combine() [12], where they both use pre-defined rules for simplify-
ing radicals, exponential functions, logarithmic functions, trigonometric functions,
and various special functions [12]. The most common simplification necessary to
be performed on the equations seen in multibody dynamics is of trigonometric
type [70].
The combine() command will apply appropriate transformations to combine
terms in sums, products and powers into one term [12]. Adversely, the simplify()
routine will look in the expressions for function calls (a function call is when Maple
needs to call a routine to evaluate a portion of the expression, such as sin(x)), square
roots, radicals and powers and tries to apply an appropriate procedure to simplify
the expression [12]. An example of each of the routines is shown in Table (4.4), and
it can be seen that combine() works best for the first example, whereas simplify()
works best for the second example. It can also be seen in the second example that
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Figure 4.4: The Flow Diagram to Build ∆w, ∆θ, and detJ which are Necessary in
the Construction of the Road Model Procedure
expression. Thus, the utility of each of the routines depends on the expression to
be evaluated.
Maple has an optimization package, CodeGeneration, that will minimize the
computational cost associated with evaluating a procedure [102]. The CodeGen-
























































































































































































Figure 4.5: The Flow Diagram to Build the Outputs from the Automatically Gen-
erated Road Model Procedure
concentrates on optimizing a procedure versus an expression. It can still be applied
to optimize an expression, but is designed to optimize a procedure. It will identify
repeated terms within the procedure and will store them as temporary variables
allowing them to only have to be evaluated once and used several times [102]. Dur-
ing the optimization, variables that are evaluated somewhere in the procedure that
do not contribute to the evaluation of the output (or outputs) are dropped.
An example of the CodeGeneration package is shown in Table (4.5) to better
illustrate how the package functions. The procedure defined takes the values of
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smiddle1 := “NR_OUT[1] := …: 
           NR_OUT[2] := …: 
           NR_OUT[3] := …:”
smiddle2 := “if NR_OUT[3] ≤ 0.8 then
               θ:=1.57: end if:”
smiddle3 := “for idx from 1 by 1 while idx <= 10 do 
                       w := w + NR_OUT[1]:  
            θ:= θ + NR_OUT[2]: 
                      if  idx >= 2 then   
dw := (NR[1] - NRwp)/(NRwp):   
dt := (NR[2] - NRtp):   
if abs(dw) <= 0.01 and abs(dt) <= 0.01 then  
       break:  
end if: 
    end if: 
  NRwp := w: 
  NRtp := θ: end do:”
smiddle4 := “NRIteration[1] :=…: 
        M  
          NRIteration[13] :=…:”  
s_top := “proc(c::array(float),Rc::array(float), Ru::float, NRIteration::array(float)) 
  local idx, zz, NR, dw, dt, NR_OUT, NRwp, NRtp: 
 w := -Ru: 
 θ := 0:”  
sbottom := “end proc” 
Procedure := parse(cat(stop, smiddle1, smiddle2, smiddle3,  
          smiddle4, sbottom)):
Figure 4.6: The Steps Necessary to Automatically Construct the Road Model Pro-
cedure
x, y, R, and Z as input and performs a few operations before returning the value of
d. The original procedure is inefficient in determining the value of d since it requires
10 more operations than the optimized procedure to obtain the final result. In the
original procedure there are several repeated sin(x) and cos(x) terms resulting in
a large number of function evaluations. Each time sin(x) or cos(x) needs to be
evaluated an external function is used to perform the evaluation. Also, in the
76
y1 = 2 (sin(x)) (cos(x))
simplify(y1) = 2 (sin(x)) (cos(x))
combine(y1) = sin(2x)
y2 = cos
2(x)− 1− cos4(x) + 2 sin5(x) + cos2(x)
simplify(y2) = sin




























Table 4.4: Examples of Maple’s combine() and simplify() Commands
Procedure Before Optimization
8 functions, 3 divisions, 4 additions, and 5 multiplications
proc(x, y, R, Z)
local a, b, c, d:












+ b2 + tan(y) :




3 functions, 2 divisions, 2 additions, and 3 multiplications
proc(x, y, R, Z)
local a, b, c, d, t1, t2, t4:
t1 := sin(x) :













return (b)(a) + Z :
end proc:
Table 4.5: Example of Maple’s CodeGeneration Package
original procedure the calculation of c serves no purpose in the evaluation of d and
thus is a waste of computational power. In the optimized procedure, the evaluation
of any expressions that serve no purpose to calculate the output d are dropped.
Temporary variables (the t variables) are used for terms that appear more than once
in the expressions to determine the output d. Thus, the CodeGeneration package
can be used to obtain an optimized computational sequence within a procedure to
improve the computational cost of the procedure.
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Optimization on the expressions and procedures can be performed at two dif-
ferent levels. They can be performed at the system level or at the component level.
System level optimization is performed on the system equations as a whole after
they are formulated and component level optimization is performed on the expres-
sions or procedures as they are created. Either the simplify() or combine() Maple
routines are used to optimize the system equations after they are formulated and
the CodeGeneration package is used to optimize the road model procedure as it is
formulated. Thus, both types of optimization are used to improve the computa-
tional cost of simulating the vehicle rolling over a 3-D road.
During the formulation stage after the equations ∆w, ∆θ, and detJ are formed
(the NR OUTs in Figure (4.4)) and the equations for the outputs from the proce-
dure are formed (the NRIterations in Figure (4.5)), the CodeGeneration package
is used to optimize the evaluation of the equations by creating an optimized com-
putational sequence for evaluating the expressions. The procedure is then auto-
matically created around the optimized computational sequence instead of around
the NR OUTs and NRIterations. This is accomplished by taking the column vec-
tor of NR OUTs and combining it with the column vector of NRIterations and
then using the CodeGeneration package to optimize the single column vector of
equation evaluations — refer to Figure (4.7). The CodeGeneration package will
return a computational sequence that includes the evaluation of temporary vari-
ables along with the evaluation of the NR OUTs and the NRIterations. The road
model procedure can then be automatically created by following the steps outlined
in Section (4.3), with the addition of the declaration of the temporary variables
and an additional component at the beginning of the middle section that evaluates
the temporary variables. Note, the temporary variables need to also be evaluated
within the Newton-Raphson iteration and before the NRIterations are calculated.
The end result is an optimized road model procedure that can be automatically cre-
ated during the formulation stage based on the road profile. Note that for the case
when the road is specified in tabular form, the optimized computational sequence
to evaluate the expressions (NR OUTs and NRIterations) can be hard-coded into
the road model procedure.
4.5 Structure of Simulation Code
A method to determine the contact point between the tire and the ground has been
developed and optimized for simulation. The method is based on the thin disk tire
model with variable radius by solving two equations based on the current position
and orientation of the tire. The road model procedure, which is built around the
Newton-Rapshon iteration, will first determine the contact point and then based
on the result, will determine the ISO unit vectors, the vector from the tire center
to the point of contact, and the loaded radius. This information is necessary to
calculate the intermediate variables that are used by the tire model to calculate the






































































































Construct the procedure as previously specified with the addition 
of the declaration of the temporary variables in the s_top section 
(local t1, … , idx, … , NRtp:), and with a new portion at the 
beginning of the middle section that includes the evaluation of the 
temporary variables (smiddlebeginning := “t1:= …; etc…:”). 
Figure 4.7: The Steps Necessary to Automatically Construct the Road Model Pro-
cedure with Simulation Code Optimization
The external forces applied to the wheel center, FC and MC , will be part of
the generalized force matrix and thus need to be calculated during simulation to
determine the response of the vehicle. These forces are dependent on the tire forces
and moments that are calculated from the tire model which are dependent on a set
of tire intermediate variables. The direction of the tire forces and moments (the ISO
unit vectors) and the tire intermediate variables are dependent on the results from
the road model procedure. Therefore, there is a need to determine a systematic
manner to evaluate FC and MC during simulation. One of the possible solutions is
to determine an expression for the forces using symbolics by complete substitution
during the formulation stage. However, in most cases, a single expression does not
exist because most tire models contain if statements, such as the Fiala tire model,
to determine the forces and moments which require values that are dependent on
the current conditions of the vehicle. Also, the expressions for the equations can
become quite large depending on the road profile and thus can take a long time
to formulate or may be too large to evaluate. Therefore, a method based on a
structured sequence (a sequence that evaluates the forces in steps) needs to be
79
created to evaluate the forces and moments during simulation.
Morency [70] developed a method to formulate the governing equations using a
symbolic approach that includes the evaluation of functions. For vehicle systems
rolling on a flat road, Morency [70] developed a systematic fashion to determine
the tire intermediate variables and to call functions during simulation to evaluate
the tire forces and moments, and to determine the longitudinal slip and lateral
slip angle when transients are important. Essentially, dummy variables are used to
represent FC and MC during the formulation stage and a computational sequence is
created to evaluate them during simulation by performing a number of expression
and function evaluations [70]. The end result is a simulation code structure that
permits FC and MC to be evaluated during simulation allowing the generalized
force matrix to be updated.
The simulation code structure developed by Morency can be extended to include
an additional function call to the road model procedure. This is accomplished by
updating the computational sequence created by Morency, to first perform a func-
tion call to determine the location of the contact point between the tire and the
ground; refer to Figure (4.8). Essentially, during simulation when it comes time
                          Simulation Code 
 
1. Call to road model (external function) 
 Determine the point of contact (solve for w and θ) 
2. Calculate intermediate variables 
 Dependent on road model results 
3. Calls to external functions 
 Tire model 
 Dynamic tire lag 
4. System Equations 
 DAEs that are functions of the state variables, 
intermediate functions, and values returned from 
external functions 
[ ]1+nX  
Solver 
[ ]nX&  
[ ]0X  X  
X&  
Figure 4.8: Structure of Simulation Code
to evaluate FC and MC , the road model procedure is first called to determine the
ISO unit vectors, ~rP/C , and Rl that are then used to calculate the tire intermediate
variables. These variables are then sent to a tire model to calculate the tire forces
and moments which are then reacted at the wheel center through Equations (3.1)
and (3.2). This simulation code structure is applied to every tire so that the simula-
tion can move forward by one time step. Note, an additional function can be called
to determine the derivatives of extra state variables to model the tire transient
behavior (Equations (3.23) and (3.24)).
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The first process (or block) in the simulation code structure is to use the road
model procedure defined in Sections (4.3) and (4.4) to determine the contact point.
The second block involves the calculation of the tire intermediate variables. The
list of variables that are used in the present work is shown in Table (4.6). It is to
Intermediate
Variable
Symbolic Expression Order of Evaluation
γ arcsin((ûISOY × ûSymAxis) · ûISOX)
δ̇ ~VC · ûISOZ
Reff Ru or Rl or Equation (3.16)
Ω [~ωC · ûSymAxis − (~ωC · ûISOZ) sin(γ)] /cos2(γ)
FZ max((ktδ + ctδ̇), 0)
rE/C (Reff/Rl) · ~rP/C
VXE
(
















~VC + (~ωC − ΩûSymAxis)× ~rP/C
)
· ûISOY
α arctan (V gY P |V gXP |)
Table 4.6: The Logical Order of Evaluations to Calculate the Tire Intermediate
Variables
be noted that this list of variables is sufficient for the tire models presented in this
thesis. However, this list may not be adequate for other tire models that the user
may wish to include, but will work with the majority of models. In the calculation
of the tire intermediate variables, the user has the option to choose which method
is used to calculate the effective rolling radius and whether or not tire transients
are important.
It can be seen from the list of tire intermediate variables that some of them are
dependent on others and thus need to be evaluated before the others. The variables
at the end of the list are functions of the ones at the beginning of the list. It is
logical that the variables at the beginning need to be evaluated before the ones at
the end as can be seen in the pseudo-Gantt chart shown in Table (4.6). Thus, in
the second block of the simulation code structure, the tire intermediate variables
are evaluated in the logical manner presented in Table (4.6).
There are two methods that can be used to calculate the tire intermediate vari-
ables and these are by direct substitution or by using a computational sequence.
The direct substitution method will follow the logical manner to determine a sym-
bolic expression for each of the tire intermediate variables required by the tire
model. In certain cases, it may not be possible to determine a single expression
for some of the intermediate variables. Also, the expressions may contain several
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function evaluations and operations that require a large amount of computational
power to perform. This was shown by Morency [70], as he determined the com-
putational power associated with evaluating each of the expressions symbolically
for the case when the tire is rolling on a flat surface. Thus, it is best to use a
computational sequence to evaluate the tire intermediate variables in the logical
fashion. A computational sequence will evaluate each of the expressions and store
them temporally so that they can be used to evaluate other tire intermediate vari-
ables, and by the tire model. Doing this is similar to performing an optimization
on the evaluation of the tire intermediate variables, as was shown in Section (4.4).
The third block of the simulation code structure involves calls to external func-
tions that are necessary to return values required to evaluate expressions in the
system equations, so that they can be solved. An external function is used to cal-
culate a variable that is not a state variable and appears in the system equations
but can not be fully evaluated during simulation. The majority of tire models fit
this criteria because the tire forces and moments appear in the system equations,
but can not be evaluated until simulation because they contain “if” statements that
can only be evaluated during simulation (Pacejka tire model for example). External
functions can also be used to return the derivatives of extra state variables (Equa-
tions (3.23) and (3.24) for example) when there is “if” constructs that are required
in the calculation of the derivatives of the extra states (Table (3.1) for example). In
either case, each external function will take in a list of variables (tire intermediate
variables for example) and will return the values in array form (the tire forces and
moments for example).
In the present case, there are only two external function calls needed at this
stage, and these are the tire model and the function necessary to determine the
relaxation lengths when tire transients are important. It is to be noted that the
use of external functions also allows the user to create his/her own tire model to
evaluate the tire forces and moments. The user also has the option to create his/her
own road model to determine the contact point.
The final portion of the simulation code structure is to evaluate FC and MC so
that the generalized force matrix can be updated. The simulation code structure is
applied to every tire in the vehicle model so that the generalized force matrix can
be updated. Therefore, a symbolic naming convention needs to be implemented so
that each tire can go through the simulation code structure independently.
The naming convention described by Morency [70] is used in the present work.
During the first portion of the computational sequence, the inputs to the road
model and the outputs from the model are given distinctive names that relate to
the name of the tire. It is not the function that changes between each tire, it’s
the inputs and outputs to and from the function that change. Similarly, during
the third portion of the computational sequence, the inputs to and from the tire
model and the tire transient function (if tire transients are important) are given
distinctive names. Also, during the second portion, the tire intermediate variables
are constructed so that during simulation they are assigned to a set of dummy
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variables that are named (and thus dependent on) according to the name of the
tire. Thus, the forces and moments between each tire and the road can be evaluated
independently following this name convention.
It is instructive to give an example involving the simulation code structure.
Consider a 2-wheeled vehicle where both the front and rear tires are modeled using
the Fiala tire model. Suppose that based on experimental results it is known
that the tire transients are only important on the front wheel. Let the front tire
be named “Front” and the rear tire to be named “Rear”. The simulation code
structure for this example is shown in Table (4.7). It is to be noted that the extra
differential equations necessary to obtain the tire forces and moments are appended
to the set of differential equations that represent the governing equations. Thus,
in the example shown, the two differential equations necessary to represent the
tire transient behavior (Equations (3.23) and (3.24)) are appended to the ODEs
that represent the system. Also, the road model function is named RoadModel,
and the function necessary to determine the tire transients based on the equations
defined in Section (3.2.5) is named TransientFunc. As well as, q1dot = dS/dt and
q2dot = d(tan(α))/dt. Therefore, the simulation code structure presented above can
be used to analyze wheel vehicle systems rolling over 3-D roads when the governing
equations are formulated using a symbolic formulation approach.
The structure of simulation code outlined above assumes that the road is mod-
eled as a single elevation function (z = f(x, y)). However, as outlined in Sec-
tion (3.5), there are situations where the road can not be modeled as a single
elevation function and is thus modeled as a piecewise cubic spline (or cubic spline)
through a set of tabular data that represents the centerline of the road. There
is an additional step required in the simulation code structure when the road is
modeled as a spline, and this step is the determination of the spline coefficients
that represent the road at the current time step. The updated simulation code
structure is shown in Figure (4.9). It is to be noted that during the formulation
stage, the set of tabular data that represents the road is first used to determine
the cubic spline coefficients (AS, BS, CS, and DS) between all sets of data points
(Equations (3.59)-(3.62)) and to determine the distance traveled along the path
(Equation (3.57)). Once the spline coefficients and the distance are determined,
they are stored into an array that is used during simulation to apply the appropri-
ate coefficients to the function that represents the road (Equation (3.66)). Thus,
the first portion of the simulation code structure becomes an external function call
to a procedure that determines where the tire is located along the centerline of the
road, and based on its position determines which coefficients to use to represent
the road. The remainder of the simulation code structure is the same as the one
shown in Figure (4.8). Note also that the naming convention outlined above will
also be used in the updated simulation code structure.
When the centerline of the road is specified, the center of the vehicle should
follow the path defined by the centerline of the road and a driver model should be
used to enforce this [23]. The current position of the tire is taken as the position
of the axle of the tire along the centerline of the vehicle (refer to Figure (3.25)). It
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First Portion
cFront := · · ·
...
Ru Rear := · · ·
NRIterationFront := RoadModel(cFront[1], · · · , Ru Front)
NRIterationRear := RoadModel(cRear[1], · · · , Ru Rear)
uISOX1 Front := NRIterationFront[1]
...
Rl F ront := NRIterationFront[13]
...
Rl Rear := NRIterationRear[13]
Second Portion
...
SFront := (−VXE Front)/(|V gXE Front|)
...





ForceV aluesFront := Fiala(FZ Front, · · · , T ireModelParamsFront)
Fx Front := ForceValuesFront[1]
...
Mz Front := ForceValuesFront[6]
TireModelParamsRear[1] := 0.155
...
Mz Rear := ForceValuesRear[6]
SlipStateParamsFront[1] := 5900
...
SlipDerivativesFront := TransientFunc(Fz Front, · · · , SlipStateParamsFront)
q1dot Front := SlipDerivativesFront[1]
q2dot Front := SlipDerivativesFront[2]
Fourth Portion
...
ẋ[n] := q1dot Front
ẋ[n+1] := q2dot Front
Table 4.7: Example of the Simulation Code Structure
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                          Simulation Code 
 
2. Call to road model (external function) 
 Determine the point of contact (solve for w and θ) 
3. Calculate intermediate variables 
 Dependent on road model results 
4. Calls to external functions 
 Tire model 
 Dynamic tire lag 
5. System Equations 
 DAEs that are functions of the state variables, 
intermediate functions, and values returned from 
external functions 
[ ]1+nX  
Solver 
[ ]nX&  
[ ]0X  X  
X&  
1. Determine the current cubic spline coefficients  
 Determine AS, BS, CS and DS 
Figure 4.9: Structure of Simulation Code when the Road is Modeled as a Set of
Tabular Data
is used as the input to the procedure to locate the tire in the table, along with the
array of the spline coefficients and the set of tabular data that includes the distance
traveled along the path, stable. There are several different methods that can be used
to search through the set of tabular data based on a single scalar variable. Note
that it is easy to search through the table because there are no two data points that
will have the same distance traveled along the path (stable). The bisection method
is used in the present work because it is a simplified method, and since the method
will converge to the result at an exponential rate [77].
The underlying concept behind the bisection method is simple. Over the interval
of the table, it is known that at some point, ∆s will change sign. ∆s is the difference
between the current distance traveled by the tires axle along the centerline of the
road, and the distance traveled along the centerline of the road that is recorded in
the table at the data point of interest (s− stable). ∆s is first evaluated at the limits
of the interval in consideration and then at the midpoint of the interval. The value
of ∆s at the midpoint of the interval is used to replace whichever limit has the same
sign as the value of ∆s at the midpoint [77]. This process is continued until the
desired error of convergence is achieved. The bisection method that is used in this
procedure is shown in Table (4.8). Note, that dim is the number of entries in the
table, or the size of the array that represents stable. The output of this procedure
is the current value of each of the spline coefficients, along with β (the angle that
locates the yroad axis) and the bank angle. It is to be noted that for the case when
the road only varies with respect to the global X axis and is represented as a cubic
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L := 1 :
R := dim :
for i from 1 by 1 while i <= 40 do
p := trunc((R− L)(1/2)) :
p := L+ p :
if stable[p] > s then
R := p :
end if:
if stable[p] < s then
L := p :
end if:
if i >= 2 then





pold := p :
end do:
Table 4.8: The Bisection Method Used to Locate the Current Position of the Tire
in the Set of Data Points that Represent the Road
spline in terms of x, the bisection method will still be used to determine the current
location of the tire. However, the current x position of the tire will be the variable
used as input to the procedure and the position in the table determined using ∆x
instead of ∆s.
The actual distance traveled along the path of the centerline of the road is
the total distance that the vehicle has traveled. This distance can be obtained by




Note, that Vx(t) is the velocity of the vehicle with respect to its local x axis which is
always pointing in the direction of vehicle heading [43]. Vx(t) can also be determined
from the state variables that represent the system. Thus, when the road is specified
in tabular form, Equation (4.7) will be appended to the set of ODEs that represent
the system so that the distance traveled along the path by the vehicle can be
determined. Note that this distance will give the distance traveled along the path
by the center of mass of the vehicle. Thus, the relative position of the axle of the
tire will have to be added to this distance so that the proper distance is used to
locate the current cubic spline coefficients; refer to Equation (3.68).
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4.6 Integration with DynaFlexPro
The simulation code structure needs to be implemented in conjunction with a
method that formulates the governing equations using a symbolic approach so that
the structure can be justified. It can be implemented in a program that uses any
form to formulate the governing equations symbolically. However, linear graph the-
ory will be used to formulate the governing equations since the topology is not fixed,
can analyze multi-domain systems, and offers the choice of the modelling variables
trough the selection of the spanning tree [67]. The structure is implemented in
the DynaFlexPro (DFP) software because it formulates the equations using linear
graph theory and because it is based on the Maple symbolic language [8].
The linear graph representation of the tire component defined by Schmitke et
al. [89] can be extended to include a 3-D road. This is accomplished by extend-
ing the third component of the linear graph (F3) to include the additional step to
calculate the contact point between the tire and the ground [24]. The linear graph






Figure 4.10: Linear Graph Theory Representation of the Tire and the Road
beled Ground represents the inertial reference frame, the node labeled Q represents
the ground reference frame, and the node labeled C defines a frame fixed on the
tire that is located at its center. Note, Q is assumed to be equivalent to the global
reference frame. This linear graph representation of the tire and the ground will
define the tire/road component in the mechanical translational domain as well as
in the mechanical rotational domain.
Edge m1 represents the mass, weight in a local gravitational field, and inertia
of the tire. Edge F3 represents the forces and moments applied to the center of
the tire. A set of constitutive equations is used to represent the physical behavior
of each edge in the linear graph [65]. The equations that represent the physical
behavior of edge m1 are the Newton-Euler equations for a rigid body expressed
in D’Alembert form, and the equations that represent edge F3 are Equation (3.1)
and (3.2). These terminal equations are shown in Table (4.8). Note, m is the mass
of the tire, J is the inertia dyadic of the tire, and ~g is the local gravitational field.
It is to be noted that the rigid body assumption is only valid if the deformation
of the tire does not significantly affect its center of mass location or its rotational
inertia. However, it can be noted, that this is a reasonable assumption when the
vehicle model is used to analyze the vehicle in handling situations [23].
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m1 ~Fm1 = −m~̇vm1 +m~g ~Mm1 = −J~̇ωm1 − ~ωm1 × (J~ωm1)
R2 ~FR2 = ~0 ~MR2 = ~rQ/C × ~FP
F3 ~FF3 = ~FP ~MF3 = ~MP + ~rP/C × ~FP
Table 4.9: The Terminal Equations of the Tire/Road Component
To properly represent the physics of the interaction between the tire and the
road, the moment applied at the road reference frame must be different than the
moment applied to the wheel center [23]. It is important to note that each edge in
a linear graph can only have one through variable associated with it per derivative
level [65]. Thus, edge F3 can not describe both the moment applied to node C
and node Q. Edge F3 describes the moment applied to node C only. The moment
representing edge R2 is applied to the edge to ensure that the proper moment is
assigned to node Q. Consider the algebraic sum of the moments applied to node Q
by the tire/road component.∑
~Mapplied to node Q = ~MR2 − ~MF3 (4.8)
= ~rQ/C × ~FP −
(
~MP + ~rP/C × ~FP
)
(4.9)





= − ~MP + ~rP/Q ×−~FP (4.11)
The sum shows that the moment representing edge R2 is necessary to ensure that
the proper moment is applied to node Q so that the forces and moments are bal-
anced.
The tire forces and moments (~FP and ~MP ) will be resolved into the ISO tire
axis system, and their magnitudes given by a tire model. These variables will
appear in the generalized force matrix of the system equations through edge F3 of
the tire/road component. The other variables in the terminal equations are ~rP/C
which is obtained from the road model, and ~rQ/C which is equal to −~c because Q is
equivalent to the global reference frame. These variables will appear in the system
equations, but need to wait until simulation to be evaluated. Therefore, when the
governing equations are formulated, these variables are left as dummy variables
that are assigned during simulation by following the simulation code structure.
The method necessary to solve these dummy variables is to follow the simula-
tion code structure using the component level templates created by Morency [70].
There are three levels of information and these are as follows: topological infor-
mation, edge level information, and component level information [88]. The topo-
logical information consists of the connectivity between the edges and the nodes
that describe the system and the information is necessary to construct the sys-
tem equations. The edge level information consists of the information associated
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with describing the behavior of the edge. Such information increases the termi-
nal equation and the through and across variables of the edge. The component
level information is any information that can not be associated with an individual
edge [88].
Component level information was first introduced by Schmitke and McPhee [88]
to analyze mechatronic systems by creating linear graph components that represent
subsystems of large mechatronic devices. Each subsystem was named an equivalent
subsystem component (ESC). An ESC usually involves a few nodes where the sub-
system connects to its surroundings and a minimum number of edges that serve to
connect the boundary nodes. For each ESC, the dynamics are described by internal
variables and equations that were stored as component level information [88, 87].
Using ESCs offers the advantage that larger systems can be broken down into com-
ponents and that the subsystem models can be retrieved from a library of ESCs
resulting in a reduced time to formulate the governing equations. The component
level algebraic equations from the ESCs are appended to the set of algebraic equa-
tions used to represent the system equations [88]. Similarly, the component level
differential equations from the ESCs are appended to the governing equations that
are used to represent the system [88].
Morency [70] developed an ESC to represent the tire on a flat surface. He
extended the work done by Schmitke and McPhee to include the evaluation of
intermediate variables and function calls in an ESC. Essentially, Morency [70] cre-
ated the ESC that represents the tire component as a simulation code structure.
He permitted the tire to be pre-defined as a component that permits the simulation
code structure to be used to evaluate the dummy variables in the system equations
during simulation. Thus, the structure of simulation code defined in Section (4.5)
is used to define the ESC that represents the tire/road component. Based on this






The tire/road component developed in Chapter 4 using the underlying theory pre-
sented in Chapter 3 is programmed in the Maple symbolic language and imple-
mented in DynaFlexPro. This component permits the tire forces and moments
to be evaluated when the vehicle is rolling on a 3-D road. DynaFlexPro is used
to formulate the governing equations that describe the behavior of the Chevrolet
Equinox in different situations. Each example consists of a different road profile
with the vehicle performing either a braking maneuver, turning maneuver, or both.
The tire/road component is validated by comparing the different examples to
a well established tool for vehicle dynamic studies (MSC.ADAMS). MSC.ADAMS
is an industry standard for analyzing the complex behavior of mechanical systems
including the vehicle [23]. The example models permit the theory presented in
Chapter 3 to be evaluated. They also show the versatility of modelling wheeled
vehicle systems on 3-D roads using a symbolic modelling approach.
The model of the Chevrolet Equinox is presented first, followed by a discussion
of the modelling aspects used to simulate the vehicle in both MSC.ADAMS and
DynaFlexPro. Examples based on roads described by a single elevation function are
presented, followed by examples based on roads that need to be defined in tabular
form. Each example includes a discussion of the results.
5.2 Vehicle Model
The Chevrolet Equinox is a sport utility vehicle (SUV) that has proven itself in its
vehicle category [14]. It is an all-wheel drive vehicle with an excellent fuel efficiency,
and has won the first ever Green Car Vision Award by the Green Car Journal for the
most eco-friendly vehicle [34, 58]. The engineers have been making improvements
to the emissions from the Equinox and to other environmental factors. Overall, the
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Equinox is a comfortable vehicle to drive for every day purposes while still having
the capability to perform all of the essentials of a 4 wheel drive vehicle.
The vehicle model defining the 2005 Chevrolet Equinox is the 14 degree of
freedom (DOF) model proposed by Michael Sayers [82], which was discussed in
Section (2.3). The tire is included in the vehicle model using the tire/road compo-
nent outlined in Chapter (4). Thus, the road is incorporated in the model through
the tire/road component.
5.3 Modelling Aspects
The first step to creating the model is to represent it as a linear graph. This is
accomplished using the ModelBuilder graphical user interface that is embedded into
DynaFlexPro. ModelBuilder allows the user to describe the topology of the system
and to specify the spanning tree that represents the system in both the translational
and rotational domains [8]. DynaFlexPro will automatically assemble a linear graph
representation of the system model based on the ModelBuilder description. Details
of ModelBuilder can be found in the DynaFlexPro user manual [8]. Figure (5.1)
shows the vehicle model that was created in ModelBuilder to represent the topology
of the Chevrolet Equinox. The tire (FLtire for example) in Figure (5.1) represents
Figure 5.1: The Vehicle Model Created in ModelBuilder
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the linear graph shown in Figure (4.10). The spin edges are the revolute joints
that permit the tire to rotate about the spin axis (symmetry axis). Note, each
arrow in Figure (5.1) represents an edge which defines a joint. The steer edges are
motion drivers where the steering motion with respect to the Z axis of the vehicle is
prescribed. The jounce edges are the prismatic joints that represent the suspension
system. Note, each prismatic joint has a stiffness and damping associated with it.
The boxes/rectangles (Chassis for example) represent the rigid bodies in the model.
Note, each tire component does have a rigid body component associated with it.
A linear graph representation of the Chevrolet Equinox is shown in Figure (5.2)
for the translational domain. Note, ModelBuilder permits the user to view the linear
 
Figure 5.2: Linear Graph Representation of the Vehicle Model
graph of the system in both the translational and rotational domains. The linear
graph is shown on top of the ModelBuilder description for clarification purposes.
The linear graph representing the tire is not shown in the figure to eliminate it
from being too clustered. Instead, a detailed linear graph for one corner of the
vehicle model is shown in Figure (5.3) since the graph is identical in every corner
with the exception that the front corners contain an additional edge representing
the steering motion. The tire/road component is shown by the dashed-dot lines.
The naming convention used in the linear graph is as follows.
• Body is used to indicate that the edge denotes a rigid body component, and





































Figure 5.3: Linear Graph Representation of the Front Left Corner of the Vehicle
Model
• Arm indicates that the edge is a rigid arm component, and thus describes a
translational and rotational transformation between two frames
• Rev shows that the edge is a revolute joint component
• Mot indicates that the edge is a motion driver component, which forces a
translation and rotation between two frames
• Susp specifies that the edge is a prismatic joint representing the suspension
system and thus has a stiffness and damping associated with it
It can be noted that the rotational graph will be identical to the translational graph.
The chassis is the vehicle body, lumped is the unsprung mass of the suspension
system, and the corner is the location on the vehicle body where the suspension
system connects to it. FL represents that the edges/nodes belong to the front left
corner of the vehicle and is a naming convention used to distinguish the components
in the vehicle model.
The road reference frame (frame Q) connects to the ground frame through a
rigid arm component (Arm Road FL) that enforces zero translation and rotation
between the two frames. Thus, the road reference frame will remain equal to the
ground reference frame. The road is specified as an internal part of the tire/road
component and thus the road reference frame can be equivalent to the ground
frame. The road is taken into consideration through the calculation of Fp and MP
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that appear in edge F3 of the tire/road component. The road reference frame in
the linear graph is to ensure that there is a moment and force balance.
The governing equations are determined by projecting the fundamental cutset
equations onto the across space for the edges selected into the tree [65]. Thus, it
is the edges that are selected into the tree (both translational and rotational trees)
that determine the number of generalized variables used to construct the governing
equations. Therefore, selecting the revolute joints (1 DOF each), prismatic joints (1
DOF each), chassis rigid body (6 DOF), arm elements (no DOF), and the motion
drivers (no unknown DOF) into the tree results in 14 generalized coordinates (4 +
4 + 6 = 14). This implies that a complete set of ordinary differential equations
(ODEs) is used to represent the system and not a set of differential algebraic equa-
tions (DAEs) since the number of generalized coordinates is equal to the number
of degrees of freedom. The tree selection that gives these 14 ODEs is shown in
Figure (5.2) as the solid arrows. The cotree is also shown in the figure and is rep-
resented by the dashed arrows. This tree selection will be used to obtain the 14
ODEs by projecting the fundamental cutset equations onto the across space of the
edges selected into the tree. Any other tree selection with more than 1 rigid body
component will result in a set of DAEs (will have more generalized coordinates than
DOF).
A state space representation of the governing equations is used. Thus, a set of 28
first order ODEs is utilized to represent the system. It can be noted that if the road
is specified in tabular form by defining the centerline of the road then the 4 ODEs
used to track the distance traveled along the path by each of the tires is appended
to the set of 28 ODEs that represent the system to give a complete set of 32 ODEs.
Note that if tire transients are considered, then the set of ODEs to determine
the slip parameters would also be appended to the set of ODEs representing the
governing equations.
It can be further noted that the coordinates used to track the position of the
vehicle body are expressed in the ground frame and their generalized speeds (both
the velocity and angular velocity) are expressed in the local frame of the body
(frame at the center of mass (COM) of the body). The 321 Euler angles are used
to track the orientation of the vehicle body.
The governing equations are formulated for each example using DynaFlexPro
based on the linear graph selection shown in Figure (5.2). The type of expression
manipulation performed on the governing equations after they are formulated is
Maple’s simplify() command. Morency [70] has shown that the simplify() command
works best to simplify the governing equations of vehicle systems.
An MSC.ADAMS model is also created for the vehicle model outlined in Fig-
ure (2.2) for validation purposes. The model is created using the graphical user
interface in ADAMS/View. The tire is added to the model using the ADAMS/View
special force tire component for all 4 tires with each of them referencing the same
tire and road data file. The 3D spline road is used to model the road unless other-
wise specified. With this road profile, the centerline of the road is specified along
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with the road bank angle and the road friction coefficients [3]. MSC.ADAMS uses
a numerical approach to formulate the governing equations using absolute coor-
dinates, which results in a large number of equations to solve at each time step.
Linear graph theory allows joints and motion drivers to be connected directly in
series, but the approach in MSC.ADAMS does not permit them to be connected
in series and needs a rigid body with a specified mass and inertia in between the
two joints. This is the reason for the additional knuckle component in the model
between the revolute and motion driver joints. Note that these knuckles have an
associated mass and inertia.
The 4th-5th order Runge-Kutta numerical solver is used to solve the governing
equations in both MSC.ADAMS (RKF45) and DynaFlexPro/Maple (rkf45) with
a tolerance of 0.001 (both absolute and relative tolerance). Details of the solver
are given by Press [77]. However, the equations need to be given a set of initial
conditions before they can be solved and the initial conditions are listed in Ap-
pendix (C) for each state variable. Note, if an initial condition is different then the
one recorded in the list, it will be specified within the description of each example.
The Fiala tire model is used for the examples unless otherwise noted to de-
termine the tire forces and moments with no tire transients considered. The list
of parameters used in the Fiala tire model are listed in Appendix (B). Note, if
it is desired to increase the accuracy of the simulation then it is advised to use
the Pacejka model. However, the computational efficiency may decrease when this
model is used because of the complexity of the model. The ISO definition for the
longitudinal slip and lateral slip angle will be used to calculate the slip parameters
(Equations (3.20) and (3.22)). The effective rolling radius is assumed to be equal
to the loaded radius.
A detailed description of how the road is modeled is given for each example,
along with the details of the MSC.ADAMS 3D spline road model.
The function of time representing the torque applied to each of the revolute
joints (torque(t)) is specified as zero, unless noted for each example. The same
applies for the steering motion (steer(t)) imposed on the motion drivers. Thus, the
vehicle is set to drift with the driver trying to hold the vehicle in a straight line.
All other parameters (mass and inertia properties of the rigid bodies, spring
and damping rates, geometry of the vehicle) are shown in Appendix (C).
The simulations were performed for each example in MSC.ADAMS and Dy-
naFlexPro on a PC with Windows XP operating system, 2.33 GHz Intel Core2
Duo CPU Processor, and 4 GB of RAM. The simulation time for each example is
given as the average of 5 runs.
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5.4 Roads Represented by a Single Elevation Func-
tion
The first set of examples presented are ones where the road can be defined by a
single elevation function. A set of three examples are considered and these are as
follows: the vehicle executes a braking maneuver on a flat road, the vehicle performs
a double lane change as it goes over a hill, and the vehicle does a braking maneuver
on a banked road. In each of these cases the road model will automatically be
constructed in the formulation stage based on the road profile.
5.4.1 Braking Maneuver on a Flat Road
The first example involves the vehicle performing a braking maneuver on a flat
road. The braking torque is applied to the vehicle after it has been traveling for 2s
and is applied to the wheels for a total duration of 3s. The braking torque starts at
0Nm and then ramps to 1000Nm after 2s and takes 0.5s to reach 1000Nm (ramps
to 1000Nm between t = 2s and t = 2.5s). The braking torque is then held constant
for 2s (until t = 4.5s), and then ramps back down to 0Nm in 0.5s. The braking

















Figure 5.4: The Braking Torque Applied to all Wheels
torque(t) =

t < 2s : 0 Nm
2s ≤ t < 2.5s : 2000(t− 2) Nm
2.5s ≤ t < 4.5s : 1000 Nm
4.5s ≤ t < 5s : −2000t+ 10000 Nm
t ≥ 5s : 0 Nm
(5.1)
This braking torque can simulate the driver having to slow down the vehicle tem-
porally because of slow traffic ahead or an animal crossing the street. The torque
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is modeled in DynaFlexPro using Maple’s piecewise function, which will construct
the torque function as a piecewise continuous function [12]. The torque is modeled
in MSC.ADAMS using the function builder in ADAMS/View by creating a series
of if statements.
The road is modeled in DynaFlexPro as the single elevation function that is
shown in Equation (5.2).
z = f(x, y) = 0 (5.2)
The road is created in MSC.ADAMS using the 2D road model with the road type
specified as being flat. The road is essentially the XY plane.
The simulation is performed in both MSC.ADAMS and DynaFlexPro for a dura-
tion of 10s. The simulation is also performed in DynaFlexPro using the DynaFlex-
Pro/Tire component (which assumes the road is flat) to compare the simulation
times between using the tire/road component to just using the tire component. The
results from the example are shown in Figures (5.5) and (5.6) and in Table (5.1).
Software Simulation Time (s)
DynaFlexPro (with tire/road component)/Maple 13.5
DynaFlexPro (with tire component (default))/Maple 13.6
MSC.ADAMS 164.4
Table 5.1: The Simulation Times for the Example of the Chevrolet Equinox Per-
forming a Braking Maneuver on a Flat Road
It can be seen from the results that when the braking torque is applied to the
wheels, longitudinal tire forces develop causing the vehicle to slow down. The vehi-
cle slows down to about 5m/s from 20m/s. It can also be seen from the results that
a rolling resistance moment is always present which causes the vehicle to naturally
slow down when there is no braking torque applied to the wheels. The rolling re-
sistance moment is a function of the normal force (refer to Equation (3.34)). When
the vehicle is braking it pitches forward (vehicle is nose diving) as can be seen from
the results, and thus load is being transferred to the front tires causing an increase
in the rolling resistance moment being applied to the front tires. The pitch angle
obtained from DynaFlexPro is the second component in the 321 Euler angle series
used to track the orientation of the vehicle body with respect to the ground frame.
Whereas a measure is created in ADAMS/View to calculate the pitch angle during
simulation.
Excellent agreement is observed between DynaFlexPro and MSC.ADAMS as
can be seen in the % difference curves shown in Figures (5.5) and (5.6). The
% difference between the results obtained from both software packages is used to






















































































































































































































































































































































































































































































































































Note, in the % difference curves ADAMS indicates that the result is obtained
from MSC.ADAMS and DFP indicates that the result is acquired from DFP. The
% difference for each of the 4 results recorded is negligible. Similar results were
obtained for other cases that are not recorded in this thesis. Thus, DynaFlexPro
can be used with the tire/road component to analyze vehicle systems performing
braking maneuvers on a flat road.
The simulation time is 12 times less for DynaFlexPro than for MSC.ADAMS.
This implies that simulating the vehicle in DynaFlexPro can lead to a significant
reduction in the time required to obtain the result. It can also be noted that the
simulation time is a little bit faster when the tire/road component is used over the
tire component. This can be possible since when the procedure is automatically
generated around the z = 0 road plane, an optimized computational sequence is
created that permits some of the tire intermediate variables to be calculated a bit
faster than using the symbolic result (as is done in the tire component). However,
the formulation time for tire/road component will be greater than that for the tire
component since the road model procedure needs to be generated. This implies that
the tire/road component can completely replace the tire component in DynaFlexPro
and the z = 0 road plane used when the road is flat.
A convergence study was also performed by varying the tolerances of the numer-
ical solver and by changing the numerical solver. It was found that the simulation
results have converged when the tolerances were 0.001; the results at a tolerance
of 0.0001 were essentially the same as the results at a tolerance of 0.001. Also, the
rkf45 solver gave essentially the same results as the gear (based on Gear’s method)
solver. The criteria for the convergence study in both cases was the % difference
between the results obtained between the cases with a different tolerance and with
a another solver with a tolerance of 5%. It can also be noted that the simulation
time is faster when the rkf45 solver is used over the gear solver and when the tol-
erance is 0.001 over 0.0001. Thus, the 4th-5th order Runge-Kutta numerical solver
with a tolerance of 0.001 is a sufficient method to use to solve the system of ODEs
for this example and is therefore used for all of the examples.
5.4.2 Double Lane Change Maneuver on a Hill
The second example involves the Chevrolet Equinox performing a double lane
change maneuver as the vehicle goes over a hill. The double lane change maneuver
is performed by applying an appropriate sine steer motion to the steering motion
drivers. A single sine steer motion will perform a single lane change and thus a
double sine steer motion is needed to perform a double lane change [101, 63, 52].
The period of each of the sine steer motions is 5s, where the amplitude of the first
sine steer motion is 0.015 and that of the second is -0.01625. It can be noted that it
is common that the second amplitude is higher than the first because the steering
motion has to oppose the momentum of the vehicle [52]. There may also need to
be a small additional steering input in between the two sine steer motions to adjust
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the vehicle position so that it continues in a straight line when it is in the opposite
lane before turning back to the desired lane [52]. Thus, a steering input of -0.012
is used to ensure that the vehicle travels in a straight line in the second lane. The























Figure 5.7: The Steering Motion Applied to Both Motion Drivers to Perform a
Double Lane Change Maneuver
steer(t) =

t < 1s : 0 rad






6s ≤ t < 6.125s : −0.012 rad
6.125s ≤ t < 7s : 0 rad







The steering motion is modeled in DynaFlexPro using Maple’s piecewise function,
and is modeled in MSC.ADAMS using the function builder in ADAMS/View by
creating a series of if statements. This double lane change maneuver simulates the
Equinox passing another vehicle.
The hill is modeled in DynaFlexPro as a sinusoidal function, and is shown in
Equation (5.4) and in Figure (5.8).






The 3D spline road model in MSC.ADAMS allows a few known geometries to be
superimposed on the specified centerline data for a higher degree of accuracy of the
road profile [3]. One of these geometries is a hill modeled as a sinusoidal function.
Thus, the hill is modeled in MSC.ADAMS using the 3D spline road model by
superimposing the sinusoidal function representing the hill on top of a flat road.
Therefore, the centerline of the road is specified in tabular form such that the
101
road remains parallel to the X axis with zero elevation, zero bank angle and with
the left and right coefficients of friction being equal to 1, which is the same as in
DynaFlexPro.
The 2002 Pacejka tire model is utilized to calculate the tire forces and moments
with tire transients being considered. Thus the set of differential equations (Equa-
tions (3.23) and (3.24)) are appended to the 28 ODEs to give a set of 44 ODEs to
represent the system. Furthermore, the relaxation lengths are calculated using the
stretched sting equations suggested by Pacejka (Equations (3.26) and (3.27)). The
list of parameters used in the 2002 Pacejka tire model and in the stretched string
equations are presented in Appendix (B).
The example is simulated in both MSC.ADAMS and DynaFlexPro for a dura-




























Figure 5.8: Vehicle Trajectory for the Example of the Chevrolet Equinox Performing



























































































































































































































































































































































































































































































Software Simulation Time (s)
DynaFlexPro/Maple 5.12
MSC.ADAMS 45.99
Table 5.2: The Simulation Times for the Example of the Chevrolet Equinox Per-
forming a Double Lane Change Maneuver Over a Hill
It can be seen from the results that the vehicle does indeed perform a double lane
change as it travels over the hill. Note that the arrow in Figure (5.8) indicates the
direction the vehicle is traveling in. The steering motion causes tire slip angles to
develop, giving rise to lateral forces and aligning moments that cause the vehicle to
yaw in order to perform the steering maneuver. The result for the yaw angle shows
that the vehicle first turns to the second lane and then continues straight before
turning back to the first lane. The yaw angle obtained from DynaFlexPro is the
first component in the 321 Euler angle series, and it is obtained from MSC.ADAMS
using a measure. The roll angle response is similar to the steering motion input as
anticipated. The roll angle is obtained from MSC.ADAMS by creating a measure
to calculate it during simulation, and it is the second component of the 321 Euler
angle series that is used in DFP to track the orientation of the vehicle body.
When a vehicle corners it will roll towards the outside of the turn causing the
normal force to increase on the outside tires and decrease on the inside ones [43].
The lateral force and the aligning moment are both dependent on the normal force.
Thus, for the front left tire, the lateral force and the aligning moment should change
according to the amount of vehicle roll and this can be seen in the results. The
more the vehicle body rolls, the more the load should be transferred and the greater
the lateral force and aligning moment should be. This can be seen in the results as
the peak values of the vehicle roll are equivalent to the peak values of the lateral
force and aligning moment.
Excellent agreement is observed between MSC.ADAMS and DFP as can be
seen in the % difference curves shown in Figures (5.9) and (5.10). It can be noted
that the trend of the % difference for the roll angle and for the lateral force and
aligning moment are similar and this is because they are closely related. Thus,
DynaFlexPro can be used with the tire/road component to obtain the response of
vehicle systems while they are rolling over 3-D roads that can be modeled by a
single elevation function and while they are performing steering maneuvers.
The simulation is 9 times faster in DynaFlexPro than in MSC.ADAMS. The
simulation takes a bit longer (in relevance to the gain in time in comparison to
MSC.ADAMS) to perform in DynaFlexPro than the previous example because of
the added complexity of the road. However, a significant reduction in time is still
achieved when the vehicle is simulated in DynaFlexPro using symbolic computing.
It can also be noted that the simulation time is faster than the previous example
(5.12s versus 13.5s) even with a greater simulation duration. The main reason for
this is that the slip parameters are directly calculated by numerically integrating
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Equations (3.26) and (3.27) based on a small set of intermediate parameters. Also,
for this particular case the majority of the Pacejka tire model parameters are either
1 or 0 and thus simplify the calculation of the forces and moments.
5.4.3 Braking Maneuver on a Banked Road
The ADAMS/3D Road model is recommended when the road is complex and
involves complicated geometries [90]. This road model permits arbitrary three-
dimensional smooth road surfaces to be defined with complex geometries super-
imposed onto the road surface, such as parking structures, curbs, and ramps.
MSC.ADAMS also has a road builder graphical user interface that can be used
to construct the road [11]. The ADAMS/3D Road model also uses the 3D spline
road model to determine the contact between the tire and the ground [11]. Fur-
thermore, a driver model must be used with this road model to force the vehicle to
follow the pre-defined trajectory [90].
However, the ADAMS/3D Road model can only be used when the vehicle is
modeled in ADAMS/Car or ADAMS/Chassis [11]. The problem with ADAMS/Car
and ADAMS/Chassis is that a full vehicle model is required to perform vehicle anal-
ysis on a 3D road trajectory. A full vehicle model is one that includes all the vehicle
subsystem components (suspension (front and back), brakes, steering, transmission,
motor, etc.). Thus, the simple vehicle model used to model the Chevrolet Equinox
can not be used to model the vehicle in ADAMS/Car or ADAMS/Chassis.
Additionally, when the road is added to a model in ADAMS/View with the 3D
spline road model, the capabilities of the 3D spline road model are not the same as
they are when it is used in ADAMS/Car or ADAMS/Chassis. A driver model can
not be used in ADAMS/View and with the 3D spline road model it is extremely
important that the vehicle follows the path defined by the centerline of the road
for the model to work correctly [3].
Therefore, it is difficult to model the vehicle rolling on a banked road surface
in ADAMS/View. When the vehicle travels on a banked surface it will start to
deviate from the centerline of the road because of the banked surface. This leads to
problems in ADAMS/View since when determining the contact between the road
and the tire, the 3D spline road model assumes that the centerline of the road is
aligned with the center of the vehicle. This leads to a difference in the way that
the bank angle is defined between each section of the road because the vehicle is
deviating from the path; the bank angle should be defined with reference to the
centerline of the road, but instead is being referenced somewhere else (centerline of
the vehicle) since the vehicle is going off the path. This phenomena leads to false
results and in some cases may cause MSC.ADAMS to stop because the integrator
can not converge to the result.
The vehicle traveling on a banked road surface can be easily analyzed in Dy-
naFlexPro using the tire/road component by specifying the banked surface as a
single elevation function. The banked surface can also be tested in DynaFlexPro
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by specifying the centerline of the road in tabular form and by defining the appro-
priate banked angle for each section of the road. Note that with this method a
driver model should be used to force the vehicle to follow the centerline of the road.
However, for this example the cubic spline coefficients will be 0 and the road will
be defined solely using Equation (3.63). Thus, if the vehicle deviates from the path,
the results obtained will still be valid. The braking performance of the Chevrolet
Equinox is analyzed on a banked surface using both of the methods to define the
road in order to validate the second approach to defining a banked road. For this
example, let DFP1 indicate that the road is defined by a single elevation function
and let DFP2 indicate that the road is defined in tabular form.
The road surface is defined as the z = 0 road plane banked about the global X
axis by -3◦. The single elevation function representing this road profile is shown in
Equation (5.5).
z = f(x, y) = −0.0524y (5.5)
A negative indicates that the elevation of the road is decreasing in the positive Y
direction. The road profile is specified in tabular form by specifying the centerline
of the road such that it always lies on top of the global X axis with zero elevation.
The banked angle is also specified in the table representing the road as -0.0524rad
for each section of the road. The second derivative of z with respect to s (the
distance traveled along the path), zps, is specified as being equal to 0 at every data
point.
The braking torque applied to each of the wheels to stop the vehicle is the same
as was applied in the first example (Section (5.4.1)).
The example is performed in DynaFlexPro for both of the road profiles for a
duration of 10s. The results from the simulation are shown in Figures (5.11)-(5.14)
and in Table (5.3).
Software Simulation Time (s)
DFP1/Maple 21.2
DFP2/Maple 31.0
Table 5.3: The Simulation Times for the Example of the Chevrolet Equinox Per-
forming a Braking Maneuver on a Banked Road
The results indeed show that the vehicle does slow down on the banked road
surface when the braking torque is applied to all four wheels. It can also be seen
from the results that the vehicle does not stay in a straight line and starts to deviate
from the centerline of the road even though the steering angle is kept at zero. This
is because of the banked road. The banked road forces the vehicle to move in the
direction of the banked road because the direction of the gravitational field is not




























Figure 5.11: Vehicle Trajectory for the Example of the Chevrolet Equinox Perform-
ing a Braking Maneuver on a Banked Road
cause the vehicle to yaw (turn) in the direction of the banked road. The braking
torque causes the vehicle to slow down to about 5m/s from 20m/s. Also, it can
be noted that the response of the forward velocity of the vehicle is the same as
that from the first example. This is because the bank angle of the road surface has
no effect on the generation of the longitudinal forces and the forces generated are
strictly dependent on the braking torque applied to the wheels. The vehicle also
immediately starts to roll because of the presence of the bank angle and settles at
a position of -3.9◦ (-0.068rad). The vehicle is rolling by a small amount (0.068rad




















































































































































































































































































































































































































































































































































































































































































































































































































































The % difference curves shown in Figures (5.12)-(5.14) show that the results ob-
tained from DynaFlexPro for both methods to represent the road are in excellent
agreement. Thus, this example confirms that DynaFlexPro with the tire/road com-
ponent can be used to analyze vehicles on banked road surface by either representing
the road surface as a single elevation function or by representing it in tabular form.
Furthermore, this example shows that DynaFlexPro with the tire/road component
can be used to analyze the vehicle no matter the fidelity of the vehicle model.
The simulation is 1.5 times faster in DynaFlexPro when the road is modeled as
an elevation function than when it is modeled in tabular form. The main reason why
the model is slower when the road is defined in tabular form is that an additional
function call is required at each time step for each tire to locate the current position
of the tire inside of the table. It can also be noted that the simulation is about
1.5 times slower than the first example for the case when the road is defined as a
single elevation function. The only difference between the two examples is the road
profile. Thus, the simulation time is dependent on the complexity of the elevation
function used to define the road and on the method utilized to represent the road.
5.5 Roads Not Represented by a Single Elevation
Function
The second set of examples presented are ones where the road can not be modeled
as a single elevation function and thus needs to be defined in tabular form. Three
examples are considered to justify the tire/road component when the road is defined
in tabular form and they are as follows: the vehicle executes a single lane change
maneuver as it climbs an inclined surface after traveling on a flat surface, the vehicle
performs a constant radius cornering maneuver, and the vehicle travels along a pre-
defined track. For each of the cases, the road model is pre-defined based on the
piecewise cubic spline function used to represent the road profile in each section of
the road, and the spline coefficients are calculated during the formulation stage.
5.5.1 Lane Change Maneuver on an Inclined Surface
The fourth example involves the vehicle performing a single lane change maneuver
as it is climbing a hill of 10% grade (5.7◦). The single lane change maneuver is
performed by applying a sine steer motion to the motion drivers with an amplitude
of 0.015 and a period of 5s. The steering motion applied to both motion drivers is
shown in Figure (5.15) and Equation (5.6).
steer(t) =

t < 5s : 0 rad






10s ≤ t < 10.3s : −0.02 rad

























Figure 5.15: The Steering Motion Applied to Both Motion Drivers to Perform a
Single Lane Change Maneuver
Note, the steering motion is initially zero because the vehicle does not perform the
steering maneuver until it starts to climb the hill. When the vehicle is done perform-
ing the steering motion the steering returns to zero. However, before the steering
returns to zero, a small negative steering angle is used to correct the position of the
vehicle so that it continues in a straight line in the second lane. A similar steering
motion was used to correct the vehicle in the second example (Section (5.4.2)).
The steering motion is modeled in DynaFlexPro using Maple’s piecewise function,
and is modeled in MSC.ADAMS using the function builder in ADAMS/View by
creating a series of if statements. This single lane change maneuver can simulate
the vehicle having to change a lane due to construction or due to the fact that one
of the road lanes is merging into another.
The first portion of the road surface is flat and the second is a hill with a 10%
grade. Thus, the road can be represented as z = 0 for the first portion and as
z = 0.1(x− 80) for the second portion as can be seen in Equation (5.7).
z = f(x, y) =
{
x < 80m 0 m
x ≥ 80m 0.1(x− 80) m (5.7)
Note, it is at x = 80m that the road changes. However, the complete road surface
can not be represented as a single elevation function and thus needs to be defined
in tabular form. It can be noted that the road profile is independent of y. Thus,
a piecewise cubic spline in terms of x can be used to represent the road in each
section (x replaces s in Equation (3.66)). The road is defined in tabular form by
specifying x, z, zpx, and α at each data point. Note, zpx is the second derivative of
z with respect to x and α is the bank angle. The table used to define the road for
this example is shown in Appendix (D). The road is specified in MSC.ADAMS in
a similar fashion as it was specified for the second example (Section (5.4.2)). The
only difference is that instead of superimposing a sinusoidal function onto the road,
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a ramp is superimposed onto the road at x = 80m. The complete road data file
used to represent the road in MSC.ADAMS is shown in Appendix (D).
The example is simulated in both MSC.ADAMS and DynaFlexPro for a dura-
























Figure 5.16: Vehicle Trajectory for the Example of the Chevrolet Equinox Perform-
ing a Single Lane Change on a Hill with a 10% Grade
Software Simulation Time (s)
DynaFlexPro/Maple 18.1
MSC.ADAMS 107.6
Table 5.4: The Simulation Times for the Example of the Chevrolet Equinox Per-





































































































































































































































































































































































































































































































































































































The vehicle does indeed perform a lane change maneuver shortly after it starts to
climb the inclined surface. It can be noted from the response of the yaw angle that
the additional steering angle is required to correct the vehicle so that it continues in
a straight line in the second lane. The results for the vehicle trajectory confirm that
the vehicle does continue in a straight line after it performs the lane change. The
steering motion causes the tires to slip in the lateral direction which leads to the
development of lateral forces and aligning moments that cause the vehicle to yaw.
The steering motion can be seen in the response of the lateral force and aligning
moment of the front left tire confirming their role in yawing the vehicle so that it
performs the necessary steering maneuver. The vehicle pitch angle shows that the
vehicle does start to climb the inclined surface when it encounters it. It can also
be noted that the pitch angle settles to a value of 5.7◦ which is expected because
this is the angle that the surface is inclined to the flat road. It is also important to
note that the forward velocity of the vehicle will start to decrease at a faster pace
when the vehicle is on the inclined surface than on the flat surface because of the
presence of the gravitational field. The rolling resistance moment acts to slow down
the vehicle when it is rolling on the flat surface and the rolling resistance moment
and the gravitational field act to slow down the vehicle when it is rolling upwards
on the inclined surface.
The % difference curves show that there is an excellent agreement between the
results obtained from DynaFlexPro and from MSC.ADAMS. Therefore, DynaFlex-
Pro with the tire/road component can be used to analyze wheeled vehicle systems
on a road that only varies with respect to the x direction by representing the road
in tabular form.
The example also shows that the vehicle can be simulated in DFP 5.9 times
faster than in MSC.ADAMS. The simulation time (in relevance to the gain in
comparison to MSC.ADAMS) is slower than the other examples because the road
needs to be defined in tabular form. Defining the road in tabular form introduces
another numerical iteration for each tire at each time step in order to locate the
current position of each tire within the table representing the road. However, a
significant reduction is still obtained when the vehicle is simulated in a symbolic
environment.
5.5.2 Cornering Maneuver on a Pre-Determined Track
This example involves the vehicle performing a constant radius cornering maneuver
at constant speed. This maneuver is typically used in vehicle dynamic studies to
determine the handling characteristics of the vehicle in a turn [68]. The steering
motion applied to both of the motion drivers for this example is a motion that
forces the vehicle to remain on the centerline of the road that is defined by a circle,
which is necessary because a driver model is not being used. The centerline of the
road is defined as a circle in the XY plane with a radius of 100m that is centered
at X=0m and Y=100m. The steering angle required to keep the vehicle on the
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centerline of the path is a constant 0.0365 radians. Thus, this steering motion is
applied to both of the motion drivers.
There needs to be a torque applied to the wheels to keep the forward velocity
of the vehicle constant because of the presence of the rolling resistance moment. A
proportional controller can be used to adjust the torque applied to the wheels so
that the velocity of the vehicle remains constant. Essentially, a torque is applied to
the wheels when there is a difference between the desired velocity of the vehicle and
the actual velocity. A proportional constant is used to convert the velocity difference
to a torque. The torque applied to all of the wheels is shown in Equation (5.8).
torque(t) = kp(Vx desired − Vx actual) = 2000(20− Vx(t)) (5.8)
Note, the proportional constant is kp.
The constant radius cornering maneuver is a maneuver that is performed on a
flat surface. Thus, the surface can be modeled as a single elevation function as was
done in the first example (Section (5.4.1)). However, the centerline of the road will
be specified in tabular form to justify the approach by comparing the results with
MSC.ADAMS. Since the road is varying in both the x and y directions, the distance
traveled along the path must be the independent variable for the piecewise cubic
spline that is used to represent each section of the road. The road is thus defined
in tabular form by specifying x, y, z, zps, and α for each data point. The table
that is used to define the road is shown in Appendix (D). Note, for this example
the vehicle is only going to travel along the circle for a distance that is equal to a
quarter of the circumference. Thus, only this section of the road is specified in the
table.
The 3D spline road model can not be used to define the road in MSC.ADAMS
because of reasons discussed in Section (5.4.3). The main reason for this is that
a driver model can not be used in ADAMS/View. As previously specified it is
extremely important that the vehicle follow the path defined by the centerline of
the road. Initially, the vehicle will be slightly deviated from the path because of
the sudden yaw rate being applied to the vehicle when it starts the constant radius
steering maneuver. Thus, the 2D road model is used with the road type specified
as flat as was done in the first example (Section (5.4.1)).
The example is performed in MSC.ADAMS and DynaFlexPro for a simulation
duration of 7.85s. Note, the vehicle is only going to travel around a quarter of
the circumference of the circle that is used to define the centerline of the road and
the velocity of the vehicle is maintained at a constant; thus 7.85s is sufficient to










































Figure 5.19: Vehicle Trajectory for the Example of the Chevrolet Equinox Perform-
ing a Constant Radius Cornering Maneuver















Figure 5.20: Top View of Vehicle Trajectory for the Example of the Chevrolet
Equinox Performing a Constant Radius Cornering Maneuver
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Software Simulation Time (s)
DynaFlexPro/Maple 24.5
MSC.ADAMS 90.6
Table 5.5: The Simulation Times for the Example of the Chevrolet Equinox Per-
forming a Constant Radius Cornering Maneuver
The results show that the vehicle does perform a constant radius cornering
maneuver around the road defined by a quarter of a circle in the XY plane with
a radius of 100m. This can be seen in the response of the vehicle trajectory. The
response of the top view of the vehicle trajectory shows that the vehicle does follow
the centerline of the road. The yaw angle response assures that the vehicle has
traveled a quarter distance around the circle as the final yaw angle is 90◦. The yaw
angle response also confirms that the the proportional controller is sufficient to keep
the velocity of the vehicle constant, since the vehicle completed the maneuver in
7.85s. The results also show that the constant steering angle gives rise to a constant
lateral force and aligning moment that cause the vehicle to yaw in order to perform
the cornering maneuver. It can further be seen that the roll angle of the body is
constant which causes the tire normal forces to remain constant (vehicle roll angle
is not changing so forces are not being transferred between the left and the right
side of the vehicle). Also, the forward vehicle velocity is held constant, thus the
tire slip angles will also remain constant. Therefore, it does indeed make sense that
the lateral force and aligning moment remain constant throughout the steady state
cornering maneuver.
Excellent agreement is achieved between the results obtained from MSC.ADAMS
and from DynaFlexPro as can be seen in the % difference curves shown in Fig-
ures (5.21) and (5.22). Thus, DynaFlexPro with the tire/road component can be
used to analyze vehicle systems on a 3-D road that is defined by specifying the
centerline of the road in tabular form.
The simulation is 3.7 times faster when simulated in DFP than when simulated
in MSC.ADAMS. It can be noted that this example shows the lowest gain in simula-
tion time when comparing the times in DFP and MSC.ADAMS. This is because the
road model used in MSC.ADAMS is a much simpler road model than the one used
in DFP. For this example, the road could have been modeled as a single elevation
function (z = 0) instead of being represented in tabular form. If the road would
have been represented as a single elevation function then a much larger gain would
have been achieved as in the first example (Section (5.4.1)). Thus, to achieve a


























































































































































































































































































































































































































































































































5.5.3 General Maneuver on a Pre-Determined Track
The last example involves the vehicle following a pre-defined track. This is a typical
analysis to determine the vehicles performance as it follows a pre-defined path [23].
The pre-defined track for this example is a combination of the two road profiles
that were used to model the road in the two previous examples (Sections (5.5.1)
and (5.5.2)). Thus, the vehicle will first travel along a flat road and then up an
inclined surface of 8.75% grade (5◦) for some time before traveling on a flat surface
once again (road surface is parallel to the XY plane, but is offset from it by a certain
height). The vehicle will then perform a constant radius cornering maneuver on
the elevated flat surface around a quarter of a circle that has a 50m radius.
The Chevrolet Equinox will perform this example with a constant forward ve-
locity of 10m/s. Thus, a torque needs to be applied to the vehicle in order to
overcome the rolling resistance moment and the gravitational effects that act to
slow down the vehicle. Once again a proportional controller will be used to adjust
the torque applied to each of the revolute joints appropriately to keep the velocity
constant. The proportional controller shown in Equation (5.8) will be used with
the same proportional constant, but with a desired velocity of 10m/s instead of
20m/s.
The road can not be defined in ADAMS/View for reasons discussed in Sec-
tion (5.4.3). It is not possible to use the 2D road model to define the road because
it does vary with respect to both the x and y directions (the road is a 3-D road).
The 3D spline road model can not be used to model this example because with this
model it is important that the vehicle follow the path defined by the centerline of
the road and a driver model is not available in ADAMS/View. A driver model is
required with this approach when the centerline of the road varies in the Z direc-
tion (excluding superimposed objects). Also, with the 3D spline road model it is
important that the road remains smooth without any abrupt changes and in this
particular example there is an abrupt change when the road changes from being
flat to inclined and from inclined to flat again.
However, this road profile can be easily defined in DynaFlexPro with the tire/road
component using two different methods. The road has to be defined in tabular form
because it can not be defined by a single elevation function. It can be noted that
the road can be specified as being independent of y since the road remains flat after
the inclined surface, and can be modeled as z = h, where h is the height of the
flat surface. Thus, the road can be modeled in tabular form by specifying x, z,
zpx, and α for each data point. Note, by doing this the road will be defined by 3
planes, z = 0, z = 0.0875(x− l), and z = h, where l is the location when the surface
changes from being flat to being inclined at a grade of 8.75%. For this example,
let l be 100m and h be 5.25m; thus the road surface will go from being inclined to
flat again at x = 160m (160m = 100m + (0.0875/5.25)m). Therefore, the complete
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road surface can be defined by Equation (5.10).
z =

x < 100 m : 0 m
100 m ≤ x < 160 m : 0.0875(x− 100) m
x ≥ 160 m : 5.25 m
(5.10)
Note, this equation is used to construct the data points of x, z, zpx, and α that
represent the road. The table of data can be found in Appendix (D). Let DFP1
indicate that the results were obtained from DynaFlexPro when the road is defined
using this table.
The road can also be defined in DFP by specifying the centerline of the road
in tabular form. In this particular fashion to define the road, the distance traveled
along the path is used as the independent variable in the piecewise cubic splines that
are used to represent each section of the road. The road is defined by specifying x,
y, z, zps, and α for each data point. The tabular set of data used to represent the
road is shown in Appendix (D). Let DFP2 indicate that the analysis is performed in
DynaFlexPro with the centerline of the road being defined in tabular form. Thus,
the Chevrolet Equinox is analyzed on this road trajectory in DynaFlexPro using
both of the methods to define the road in order to validate the case of defining the
centerline of the road in tabular form when the elevation of the road varies.
The steering angle applied to each of the motion drivers is used to ensure that
the vehicle follows the path defined by the centerline of the road. The steering
angle is initially set to 0 radians to force the vehicle to stay in a straight line. Once
the constant radius cornering portion of the track is reached, the steering angle is
changed to a constant to force the vehicle to follow the path and perform the corner-




















Figure 5.23: The Steering Motion Applied to Both Motion Drivers to Force the
Vehicle to Follow the Centerline of the Road
steer(t) =
{
t < 19.86s 0 rad
t ≥ 19.86s 0.055 rad (5.11)
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The analysis is performed in DynaFlexPro for a simulation duration of 27.85s
for both methods to define the road. The time required to perform this analysis is
easily determined because the velocity of the vehicle is held constant. The results


























Figure 5.24: Vehicle Trajectory for the Example of the Chevrolet Equinox Following
a Pre-Defined Track
Software Simulation Time (s)
DFP1/Maple 81.0
DFP2/Maple 106.6
Table 5.6: The Simulation Times for the Example of the Chevrolet Equinox Fol-
lowing a Pre-Defined Track
seen from the results of the vehicle trajectory that the vehicle does indeed follow
the path defined by the centerline of the road. This is most notable in the result
of the top view of the vehicle trajectory. Thus, the steering angle is appropriate to
keep the vehicle on the desired path and can be the parameter to be adjusted by
a controller to keep the vehicle on the proper path. The result of the yaw angle
confirms that the vehicle stays straight until the steering angle changes from 0 to

















Figure 5.25: Top View of Vehicle Trajectory for the Example of the Chevrolet
Equinox Following a Pre-Defined Track
during the last portion of the track. The roll angle response confirms that there
are no lateral forces present until the vehicle starts to corner. This can also be seen
in the response for the lateral force and aligning moment. It can further be seen in
their responses that the steering angle is held constant during the cornering portion
because their values are constant during that portion.
The % difference curves shown in Figures (5.26) and (5.27) show that the results
obtained from DynaFlexPro for both methods to represent the road are in excellent
agreement. Thus, this example confirms that DynaFlexPro with the tire/road
component can be used to analyze vehicles on a pre-defined track by specifying the
centerline of the road in tabular form.
The simulation is 1.3 times faster in DynaFlexPro when the road is modeled
in tabular form as a function that only varies with respect to x versus when the
centerline of the road is defined in tabular form. Thus, if simulation time is an
important factor in analyzing the vehicle then it is important to use the most
simplified road model that completely defines the road.
All 6 examples have shown the capabilities of the tire/road component to ana-
lyzing wheeled vehicle systems on 3-D roads. The examples have also shown that
a significant reduction in the simulation time can be achieved when vehicle sys-












































































































































































































































































































































































































































































Conclusions and Future Work
6.1 Summary of the Current Work
The purpose of this research has been to develop an approach to analyze vehicle
systems on 3-D roads while taking advantage of the promises offered by a symbolic
formulation method. The goals were accomplished by developing the theory and
creating a simulation code structure around the theory that permits the tire forces
and moments to be evaluated in a systematic fashion for each tire in the vehicle
system. The contact point is determined using the thin disk tire model with variable
radius approach by generating and solving two non-linear algebraic equations for
the loaded radius and its location using the Newton-Raphson iteration routine.
The tire intermediate variables that are required as input by the tire model are
calculated based on the current position and orientation of the tire and the location
of the contact point. The final step of the simulation code structure involves the
calculation of the tire forces and moments using a tire model. The structure allows
the governing equations to be formulated with the tire forces and moments left as
dummy variables that are evaluated during simulation.
The simulation code structure/road model procedure offers the following advan-
tages.
• The structure is not limited to the symbolic formulation approach that is
used to formulate the governing equations of the vehicle system. It can be
implemented in any symbolic approach with the tire forces and moments left
as dummy variables in the generalized force matrix. However, some work may
be required to implement the structure in a software package as was shown
with the development of tire/road component in order to realize the approach
in DynaFlexPro.
• The approach is implemented in Maple which is a general purpose computer
algebra software package. Thus, symbolic simplification tools in Maple can be
used to reduce the computational cost associated with evaluating expressions,
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and optimization methods can be used to optimize each of the procedures used
in the structure.
• The road model procedure is automatically generated and optimized during
the formulation stage using the single elevation function to define the road.
This eliminates the road model from having to be hard-coded each time the
function changes and thus allows different road profiles to be analyzed easily.
• The method permits the road to be defined in three different fashions depend-
ing on the known information of the road and its complexity. The approach
was generated by assuming that the road can be defined by a single elevation
function. However, if it can not be defined by a single elevation function then
two tabular methods can be used to represent the road. The first represents
the road as a plane that rotates in the cartesian space with respect to the
Global Y axis only and the second as a set of data points that define the
elevation of the centerline of the road.
• The Fiala tire model was used in the examples to calculate the tire forces
and moments, but any tire model that is designed for handling analysis can
be used. The approach is not dependent on the tire model. Also, the set of
tire intermediate variables can be easily updated if any additional variable is
needed.
• The method for constructing the procedures necessary to calculate the tire
forces and moments permits the analysts to define his/her own external func-
tion that is necessary in the calculation of the forces and moments.
The structure was implemented in the DynaFlexPro software package by creat-
ing a linear graph representation of the tire and the road. The capability of using
the simulation code structure to analyze the Chevrolet Equinox on different road
profiles was shown through a set of examples. They showed the versatility of the
approach and how the road can be defined using any one of the three methods
presented. The Equinox was modeled using the open loop topology model outlined
by Sayers [81] using a set of modeling variables that permitted only ordinary differ-
ential equations (ODEs) to be obtained. An MSC.ADAMS/View model was also
created in order to validate the simulation code structure and to offer a comparison
between a symbolical and a numerical formulation approach.
The results from the examples showed excellent agreement between those ob-
tained from DynaFlexPro (DFP) and from MSC.ADAMS. They also showed the
difficulties in defining a road in MSC.ADAMS and how it was impossible to an-
alyze two out of the six roads considered because a driver model was not used.
On the other hand, the road for each case could be implemented in DFP using
the road model procedure. The DFP examples simulated 10 times faster than in
MSC.ADAMS when the road was defined as a single elevation function and 4 times
faster when the road was represented in tabular form. Thus, the simulation code
structure can be used to analyze vehicle systems on 3-D roads.
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6.2 Suggestions for Future Work
The simulation code structure developed to analyze wheeled vehicle systems on 3-D
roads worked well for the examples presented in this thesis, but this approach does
have its limitations. The main limitation is that the tire can have only one point of
contact with the ground and in certain conditions this may not be true. Therefore,
the thin disk tire model with variable radius approach should be extended to include
methods to determine the proper location for force application when there is more
than one point of contact with the ground. This could be accomplished using a
weighted average of the contact points based on the tire deflection at each point
or using a more complex approach such as the 3D equivalent volume model when
more than one point of contact exists.
Another limitation to the approach is that the road is assumed to be rigid.
Therefore, the model is not feasible to analyze vehicle systems on soft soil or de-
formable terrain. Thus, the road model and the method to determine the contact
point should be extended to incorporate deformable surfaces. This can be accom-
plished using finite element methods to represent the road and the tire or by using
an appropriate method to determine the contact area between the tire and the road
when both are free to deform. The latter approach may be more computationally
efficient than finite element methods and thus should be explored first.
The cubic spline is used to model the road between data points when it is
represented in tabular form, and this spline may not be the most efficient. The
distance traveled along the path is determined assuming the road is defined as a
straight line between two data points. This may lead to the tire rolling on a false
section of the road since the distance traveled along the path is not equivalent to
the distance traveled along a straight line, and the error may accumulate. This will
occur if the cubic spline function causes the road section to vary from the straight
line. Other spline orders should be explored and studied in order to choose the
desired one to represent the road.
The vehicle model with the proposed simulation code structure is not real-time
applicable as is seen from the results obtained for the simulation time required for
each simulation. Real-time applications are important in vehicle design since they
are equipped with intelligent control strategies to improve the safety and perfor-
mance of the vehicle [82]. These control strategies are designed using hardware-
in-the-loop (HIL) simulations, where the actual system is replaced with a plant
model that is used to represent the system. It is extremely important in HIL anal-
ysis that the simulations perform faster than real-time at each time step so that
control strategies can be used to improve the performance of the vehicle. The sim-
ulation code structure includes an iterative approach that must be used to locate
the contact point and this method is very close to real-time on an older PC. Thus,
improvements to the Newton-Raphson iteration routine are needed to improve the
computational cost of determining the contact point.
The Newton-Raphson iteration scheme can be improved by further optimizing
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the road model procedure using optimization techniques. Also, the convergence
criteria used in the iteration routine can be investigated to improve its efficiency.
Monitoring the result of Equations (3.53) and (3.54) (the F matrix) may be more
effective since this may cause the scheme to converge after only one iteration. Note,
2 iterations are always required when the results from the routine are monitored
(Equations (3.55) and (3.56)). Additionally, the number of iterations may be de-
creased by investigating the necessity to check the conditioning of the determinant.
It may be sufficient to use a non-spinning frame with a fixed initial guess without
monitoring the determinant. Further improvements to the simulation time can also
be achieved by compiling the code in c rather than in Maple’s evalh environment;
which is Maple’s hardware float environment.
The simulation times are closer to real-time when the road is represented as a
single elevation function than when represented in tabular form. This is because
when the road is represented in tabular form there is an additional numerical itera-
tion required for each tire to locate its current position inside the table that is used
to define the road. Thus, improvements need to be made to both the procedure to
determine the contact point and the procedure to locate the current position of the
tire in the table.
The capabilities of the vehicle model can be improved by extending the tire
model so that it is capable of performing durability analysis on the vehicle and com-
ponents of the vehicle. This will also permit a frequency analysis to be performed
on the vehicle to determine its natural frequencies. This can be accomplished by
introducing tire models that are capable of predicting the behavior of the tire in
a wide frequency range (up to 100Hz [62]). For low frequencies (up to 8Hz [74]),
the tire primarily vibrates in a direction normal to the road surface and a single
spring and damper is sufficient to represent the tire in this direction [74]. However,
in higher frequencies the tire will also oscillate in the lateral and longitudinal direc-
tions and a single spring and damper along with a tire model for handling analysis
is not sufficient to model the tire [62]. Tire models that are capable of predicting
this behavior are ones based on finite element methods (FEM), the Flexible Ring
Tire Model (FTire), and the Short Wavelength Intermediate Frequency Tyre Model
(SWIFT) [62]. The incorporation of one of these tire models will involve a whole
new contact model and methods to communicate between the tire model and the
vehicle model.
One of the most common tests used to determine the ride quality of the vehicle
is a four post test. In this test, the elevation of the road is varied with time at each
tire in order to quantify the ride quality of the vehicle [23]. This test can be easily
implemented by introducing a new tire model capable of properly determining the
deflection and normal force of the tire at different road frequencies (such as the
FTire model [62]) and by updating the elevation function used to represent the
road to also be a function of time.
It is important that the vehicle follows the trajectory of the centerline of the
road when it is defined in tabular form. In the examples presented in this thesis, the
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steering angle input was used to ensure that the vehicle followed the trajectory of
the road. However, a driver model should be developed that automatically adjusts
the steering angle to force the vehicle to stay on the path defined by the road. It is
also very common that a driver model is used when the road centerline is defined
to force the vehicle to follow the trajectory [11, 10].
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An example of how the Newton-Euler equations and linear graph theory can be used
to obtain the equations of motion of multibody dynamic systems is presented in
this section. The RR (revolute revolute) planar manipulator will be the multibody

















Figure A.1: Planar Manipulator
this example is to determine expressions for the motor torques (τ1 and τ2). These
expressions are the equations of motion that are commonly used in robotics since
the motor torques are of primary interest. For this example the gravitational field
will act in the negative Y direction, and the links are assumed to be slender rods.
The solution to this example problem will be solved first using linear graph
theory and then using the Newton-Euler equations and for both approaches the
steps to solve the problem will be outlined.
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A.1 Solution Using Linear Graph Theory (LGT)
Step 1: Determine the number of the degrees of freedom (DOF) of the system.
Since this problem is a 2-Dimensional (2-D) problem, Grübler’s equation can
be used to calculate the DOF (f) of the problem.
f = 3nb− 2nj
nb⇒ # of bodies
nj ⇒ # of joints
f = 3 · 2− 2 · 2 = 2
Step 2: Specify the generalized coordinates that will be used to solve the problem.
Since the objective of the problem is to determine the motor torques, a joint






Step 3: Determine where the global (base frame) will be located.
The location of the global frame is shown in Figure (A.1).
Step 4: Determine the mass of each body and the location of the center of mass of
each each body.
The bodies in the system in consideration are the links, and since the problem
will be solved symbolically the mass of link 1 is m1, and the mass of link 2 is m2.
The center of mass of each link is at the center of the link.
Step 5: Place a local frame on each center of mass (COM), and specify the x, y,
and z directions of the frame.
The frames for each link are shown in Figure (A.1), where xc1 and yc1 is the
frame of the first link, and xc2 and yc2 of the second.
Step 6: Determine the dyadic matrix (I) of each body.
The inertia matrix of both links with respect to their local frame are as follows:
I1 =






















Step 7: Determine the rotation matrices for all bodies in the system which transform
the frame of each body to the global frame. Also, determine the rotation matrices
which relate the frame of one body to the frame of another for the bodies which
are linked together through a joint.
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The rotation matrices for the planar manipulator are as follows:
R10 =








 cos (q2) − sin (q2) 0sin (q2) cos (q2) 0
0 0 1

Where, Rab indicates that this matrix transforms a vector that is with respect
to the a frame to the b frame.
Step 8: Determine the linear graph representation of the system. This graph is
directly related to the topology of the system.




























































Figure A.2: Linear Graph Representation of the Planar Manipulator
Note that the physical system can be seen in the linear graph. Table (A.1) shows
what each edge in the tree represents.
Step 9: Specify the translational tree (T-tree) and the rotational tree (R-tree) in
the linear graph. The trees chosen for the problem will reflect the generalized




r Rigid Arm Element
W External Force (Weight)
h Revolute Joint
Table A.1: Labeling Used in the Linear Graph that Represents the Planar Manip-
ulator
Since the set of generalized coordinates for this problem are the joint coordinates
of the manipulator (q1 and q2), the two revolute joints will need to be selected into
the R-tree. In order to only have the equations of motion in terms of the joint
coordinates, the rigid arm elements will be selected into both trees and the revolute
joints will also be selected into the T-tree since these joints have no motion in the
translational domain. The R-tree and the T-tree for this particular problem are
the same and is shown in Figure (A.3) as a single tree. Note the thicker edges are




























































Figure A.3: The Translational and Rotational Tree of the Planar Manipulator
Step 10: Obtain the equations of motion of the system. This is accomplished by
finding the fundamental cutest (f-cutset) equation for each of the components in
the trees (R-tree and T-tree). The equations are then obtained by projecting the f-
cutsets onto the motion space of each of the components. Recall, a f-cutset consists
of one branch and a unique set of chords and divides the graph in exactly two
parts [65].
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The two f-cutsets are shown in Figure (A.4) for the two link planar manipulator
(these are shown by the dashed gray lines). Since there are only two components
in the T-tree and the R-tree with a non-zero motion space (the motion space of
the rigid arm elements is zero), only two f-cutsets are needed: one for each revolute
joint. Also note that only two equations will be obtained, since the motion space of
a revolute joint is zero in the translational domain and is along the axis of rotation




























































Figure A.4: The Fundamental Cutsets of the Planar Manipulator
The f-cutset for the first revolute joint (h1) is as follows:
~TW11 + ~τ5 + ~Th1 + ~Tm3 + ~τ6 + ~Tm4 + ~TW12 = 0
~τ5 + ~Tm3 + ~τ6 + ~Tm4 = 0
Note, the weight acts at the center of mass, and will thus not produce a torque
about the center of mass; the revolute joints are assumed to be ideal and thus there
will be no friction torques which act at these joints.
The f-cutset for the second revolute joint (h2) is as follows:
~Th2 + ~τ6 + ~Tm4 + ~TW12 = 0
~τ6 + ~Tm4 = 0
The equations of motion are then obtained by projecting these f-cutset equations
onto the motion space of the joint in the equation. The motion space of the first
revolute joint is the z-axis of the first link, and the motion space of the second
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revolute joint is the z-axis of link 2. Therefore the equations of motion are as
follows. (
~τ5 + ~Tm3 + ~τ6 + ~Tm4 = 0
)
· k̂1(
~τ6 + ~Tm4 = 0
)
· k̂2
Step 11: Substitute the terminal equations for all of the components in the equations
of motion. The terminal equations represent the physical characteristic of each edge
in the linear graph.
(





− ~r9 × ~F9 = 0
)
· k̂1(




− ~r9 × ~F9 = 0
)
· k̂2
Step 12: Eliminate the secondary variables from the equations of motion using
the branch and chord transformations. Note that by doing this, the equations
obtained will be in terms of the across variables of the edges in the tree and the
through variables of the edges in the cotree. Therefore, the terminal equations
need to be used to introduce the physical significance of the added components
into the equations. The tree through variables and the cotree across variables
are the secondary variables [65]. For a mechanical system the through variables
are forces and torques, and the across variables are displacements, velocities, and
accelerations. A chord transformation will allow the through variables in the tree
to be specified as a function of the through variables in the cotree (a primary
variable) [65]. This is accomplished by writing the f-cutset for each through variable
in the tree. A branch transformation will allow the across variables of the cotree to
be specified as a function of the across variables of the tree (primary variables) [65].
This is accomplished by writing the fundamental circuit (f-circuit) equations for
each of the across variables in the cotree.
The secondary variables in the equations of motion of the 2 link planar manipu-
lator are the three force vectors (~F7, ~F8, ~F9). These are eliminated using the f-cutset
of each of the rigid arm elements. Figure (A.5) outlines these cutsets (shown by
the dashed lines).
The following equations are obtained from each of the cutsets in order to eliminate
the secondary variables. Note that the external torques would not be in the T-tree,





























































Figure A.5: The Cutsets for the Chord Transformations
−~F7 + ~Fm3 + ~Fm4 + ~FW12 + ~FW11 = 0
∴ ~F7 = ~Fm3 + ~Fm4 + ~FW12 + ~FW11
~F8 + ~Fm4 + ~FW12 = 0
∴ ~F8 = −~Fm4 − ~FW12
−~F9 + ~Fm4 + ~FW12 = 0
∴ ~F9 = ~Fm4 + ~FW12
The terminal equations must be applied to the f-cutset equations so that each
parameter has a physical significance.
~F7 = −m1 · ~a1 −m2 · ~a2 + ~W1 + ~W2
~F8 = m2 · ~a2 − ~W2
~F9 = −m2 · ~a2 + ~W2
The secondary variables need to also be eliminated from the equations above. The
secondary variables are the two accelerations since the mass elements of the two
links are in the cotree. Therefore, the f-circuit equations of both the mass elements
are used to create an expression which specifies the accelerations in terms of the
primary variables. The f-circuits are shown in Figure (A.6) as the dashed lines. Note
the circuits are in the T-tree since the acceleration is a translational component.




























































Figure A.6: The Circuits for the Branch Transformations
~am3 + ~a7 − ~ah1 = 0
∴ ~am3 = −~a7
~am4 + ~a9 − ~ah2 − ~a8 + ~a7 − ~ah1 = 0
∴ ~am4 = −~a9 + ~a8 − ~a7
Note the revolute joints do not have a translational component of acceleration; thus
the acceleration is automatically zero. Once again the terminal equations need to be
substituted into the above equations and doing this leads to the following f-circuit
equations.




























Therefore, the force equations can be updated to include these transformations.
~F7 = −m1 ·
(





 −(~̈q1 + ~̈q2)× ~r9 − (~̇q1 + ~̇q2)× [(~̇q1 + ~̇q2)× ~r9]+




− ~̈q1 × ~r7 − ~̇q1 ×
(
~̇q1 × ~r7
) + ~W1 + ~W2
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~F8 = m2 ·









~F9 = −m2 ·
 −(~̈q1 + ~̈q2)× ~r9 − (~̇q1 + ~̇q2)× [(~̇q1 + ~̇q2)× ~r9]+








The force equations can then be substituted in the equations of motion so that they

























































Step 13: Transform the equations to a common reference frame (the reference
frame in which the motion space has been defined). This is accomplished using the
rotation matrices specified in step 6. Then simplify the expressions to obtain the
desired equations of motion in terms of the generalized coordinates.
This is the most tedious task of the problem. The second equation needs to be
solved first, since the first equation is in terms of both of the torques. The following
is the solution for the second torque. Note, the equations must be specified in terms
of the frame of the second link since the motion space of the second revolute joint















































































































î2 + q̈1l1ĵ1 − q̇21l1î1 + gĴ
}

































− q̇21l1 cos (q2) + q̈1l1 sin (q2) +m2g sin (q1 + q2)
(q̈1+q̈2)l2
2













































































The equation for the first torque can be obtained in a similar fashion using the first




























gl1 cos (q1) +
m2
2
gl2 cos (q1 + q2)
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A.2 Solution Using Newton-Euler Equations
Steps 1 – 7: Same as the solution using linear graph theory.
Step 8: Draw a free body diagram (FBD) for each of the bodies in the system with
respect to the inertial frame of each body.
For the two-link planar manipulator, the two free body diagrams are shown in
Figure (A.7). It is important to note that the FBDs were drawn in the XY plane,
and that there is a reaction in the z direction on both revolute joints which should
be added to the FBDs.
W. Bombardier     March 30, 2008 
ECE 687 
 For the two-link planar manipulator, the two free body diagrams are shown below.  It is 
important to note that the FBD’s were drawn in the XY plane, and that there is a reaction in the z 





Step 9: Apply Newton-Euler equations to each body in the direction of the generalized 
coordinates to get the equations of motion. 
 
 For the two link manipulator, the direction of the generalized coordinates is a rotation 
about the Z axis, thus Newton-Euler equations will be applied to each link in this direction.  It is 
to be noted that the translational equations do not need to be considered since the motion of each 
generalized coordinate is a rotational motion. 
( )









































































Note, the dot product was taken right away, and some of the computations have already been 
computed when solving the problem using GTM. 
 
Step 10: Eliminate the constraint forces from the equations of motion.  This is accomplished by 
applying Newton-Euler equations in the appropriate direction of the constraint force; e.g. if the 
constraint force is applied to body 1 and along the x axis than apply Newton-Euler equations in 
this direction to eliminate the constraint force.  It is also important to note that the reaction forces 
need to be in terms of the generalized coordinates, thus use kinematics when appropriate in order 
to accomplish this.  Therefore, the constraint forces are eliminated from the equations of motion 
by applying Newton-Euler equations to the body in the direction which the constraint forces are 
Figure A.7: Free Body Diagrams of the Planar Manipulator
Step 9: Apply Newton-Euler equations to each body in th dir cti n of the gener-
alized coordinates to get the equations of motion.
For the two link manipul tor, the direction of the generalized coordinates is a
rotation about the Z axis, thus Newton-Euler equations will be applied to each link
in this direction. It is to be noted that the translational equations do not need to be
considered since the motion of each generalized coordinate is a rotational motion.(∑ ⇀







































2 (q̈1 + q̈2)
Note, the dot product was taken right away, and some of the computations have
already been computed when solving the problem using LGT.
Step 10: Eliminate the constraint forces from the equations of motion. This is
accomplished by applying Newton-Euler equations in the appropriate direction of
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the constraint force; e.g. if the constraint force is applied to body 1 and along
the x axis than apply Newton-Euler equations in this direction to eliminate the
constraint force. It is also important to note that the reaction forces need to be
in terms of the generalized coordinates, thus use kinematics when appropriate in
order to accomplish this. Note it is also important that the equations are expressed
















2 (q̈1 + q̈2)−R2y l22∑ ~F2 = m2~a2
m2~a2 = −R2y ĵ2 −R2xî2 −m2gĴ
Note the rotation matrix is needed to transfer the weight from components in the
global frame to components in the frame of the second body. Also, note that
kinematic equations are needed in order to express the acceleration of the second
link in terms of the generalized coordinates.
~W2 = −m2gĴ =







−m2g sin (q1 + q2)
−m2g cos (q1 + q2)
0

~W2 = −m2g sin (q1 + q2) î2 −m2g cos (q1 + q2) ĵ2
m2~a2 = −R2y ĵ2 −R2xî2 −m2g sin (q1 + q2) î2−
m2g cos (q1 + q2) ĵ2 = m2
(









m2g sin (q1 + q2) î2 −m2g cos (q1 + q2) ĵ2
)
· ĵ2
ĵ2 ⇒ m2a2y = −R2y −m2g cos (q1 + q2)
~a2 = ~aRev,2 + ~a2/Rev,2
~aRev,2 = ~aRev,1 + ~aRev,2/Rev,1 = ~aRev,2/Rev,1 =




= q̈1l1ĵ1 − q̇21l1î1
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~aRev,2 =








−q̇21l1 cos (q2) + q̈1l1 sin (q2)
q̇21l1 sin (q2) + q̈1l1 cos (q2)
0

~aRev,2 = (−q̇21l1 cos (q2) + q̈1l1 sin (q2)) î2+(q̇21l1 sin (q2) + q̈1l1 cos (q2)) ĵ2
~a2/Rev,2 = (q̈1 + q̈2) k̂2 × l22 î2 + (q̇1 + q̇2) k̂2 ×
(









~a2 = ~aRev,2 + ~a2/Rev,2
~a2 =
(















a2y = ~a2 · ĵ2 = q̇21l1 sin (q2) + q̈1l1 cos (q2) + (q̈1+q̈2)l22
∴ R2y = −m2q̇21l1 sin (q2)−m2q̈1l1 cos (q2)− m2(q̈1+q̈2)l22 −m2g cos (q1 + q2)
∴ τ2 = 112m2l
2






1l1 sin (q2) +m2q̈1l1 cos (q2) +
m2(q̈1+q̈2)l2
2


















Note, that the expression for the second torque is the same as that obtained from
LGT. Also in a similar fashion the first joint torque can be found to be the same
as that specified above for LGT solutions.
It can be noted that there are more steps to obtained the solution using linear
graph theory, but it is a more systematical approach. Therefore, a computer imple-




The parameters used in the Fiala and Pacejeka tire models throughout this thesis
are presented in this section along with the parameters used in the stretched string
equations (Equations (3.26) and (3.27)) when tire transients are important. The
parameters used to estimate the effective rolling radius using Equation (3.16) are
also presented in this section.
Parameter Value Description
Fz0 5900 Nominal normal force (N)
B 8.4 Low load stiffness parameter
D 0.27 Peak value of Reff
F 0.07 High load stiffness parameter




Ru 0.344 Unloaded radius (m)
Table B.1: Parameters for Calculating the Effective Rolling Radius
Parameter Value Description
D2 0.16 Width of tire (m)
CS 115000 Longitudinal stiffness (N)
Cα 117000 Lateral stiffness (N/rad)
Cr 0.01 Coefficient of rolling resistance (m)
µ0 1.22 Peak coefficient of friction
µ1 0.2 Sliding coefficient of friction
Table B.2: Fiala Tire Model Parameters
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Parameter Value Description
Fz0 5900 Nominal normal force
R0 0.355 Unloaded radius
V0 22.2 Reference Velocity
LFz0 1 Scale factor of nominal load
LCx 1 Scale factor of Fx shape factor
Lµx 1 Scale factor Fx of peak friction coefficient
LEx 1 Scale factor of Fx curvature factor
LKx 1 Scale factor of Fx slip stiffness
LHx 1 Scale factor of Fx horizontal shift
LVx 1 Scale factor of Fx vertical shift
Lγx 1 Scale factor of camber for Fx
LCy 1 Scale factor of Mz shape factor
Lµy 1 Scale factor of Mz peak friction coefficient
LEy 1 Scale factor of curvature factor
LKy 1 Scale factor of Mz cornering stiffness
LHy 1 Scale factor of Mz horizontal shift
LVy 1 Scale factor of Mz vertical shift
Lγy 1 Scale factor of camber for Mz
Ltrail 1 Scale factor of peak pneumatic trail
Lres 1 Scale factor for offset of residual torque
Lγz 1 Scale factor of camber for Mz
LXα 1 Scale factor of slip angle influence on Fx
LYκ 1 Scale factor of longitudinal slip influence on Mz
LVyκ 1 Scale factor of longitudinal slip influence on Mz
LS 1 Scale factor of moment arm of Fx about vertical axis
LMx 1 Scale factor of overturning couple
LVMx 1 Scale factor of Mx vertical shift
LMy 1 Scale factor of rolling resistance torque
PCx1 1.65 Shape factor for longitudinal force
PDx1 1 Longitudinal friction, µx, at Fz0 and zero inclination
PDx2 0 Variation of friction, µx, with load
PDx3 0 Variation of friction, µx, with inclination
PEx1 0 Longitudinal curvature EFx at Fz0
PEx2 0 Variation of curvature EFx with load
PEx3 0 Variation of curvature EFx with load squared
PEx4 0 Brake/drive asymmetry factor for EFz












*Note, the units for the parameters in this table follow the N , m, s, and rad system
Table B.3: Pacejka Tire Model Parameters
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Parameter Value Description
PHx1 0 Horizontal shift of longitudinal slip at Fz0
PHx2 0 Variation of horizontal shift with load
PVx1 0 Vertical shift at Fz0
PVx2 0 Variation of vertical shift with load
RBx1 1 Slope factor for combined slip Fx reduction
RBx2 6 Variation of slope Fx reduction with longitudinal slip
RCx1 1 Shape factor for combined slip Fx reduction
REx1 0 Curvature factor for combined slip Fx reduction
REx2 0 Variation of curvature factor with load
RHx1 0 Shift factor for combined slip Fx reduction
QSx1 0 Vertical force induced overturning moment
QSx2 0 Camber induced overturning couple
QSx3 0 Aligning moment induced overturning couple
PCy1 1.1038 Shape factor for pure lateral force
PDy1 1.0491 Lateral peak friction, µy
PDy2 -0.2153 Variation of µy with load
PDy3 -0.3885 Variation of µy with inclination squared
PEy1 -0.8715 Lateral force curvature factor at Fz0
PEy2 -1.5278 Variation of curvature with load
PEy3 -0.0260 Dependency of curvature on the sign of slip angle
PEy4 -0.9073 Variation of curvature with camber
PKy1 -23.648 Maximum value of cornering stiffness
KMz
Fznom
PKy3 2.1393 Load for max cornering stiffness
PKy3 -0.9073 Variation of KMz with camber
PHy1 -1.7802E-4 Horizontal shift of lateral force at Fz0
PHy2 -3.4980E-5 Variation of horizontal shift with load
PHy3 2.906E-2 Variation of horizontal shift with camber




PVy2 5.4083E-4 Variation of vertical shift with load
PVy3 -0.2062 Variation of vertical shift with camber
PVy4 -0.1557 Variation of vertical shift with camber and load
RBy1 16 Slope factor for combined slip Mz reduction
RBy2 0 Variation of slope factor with slip angle
RBy3 0 Shift term for alpha in slope factor
RCy1 1 Shape factor for combined slip Mz reduction
REy1 0 Curvature factor for combined slip Mz reduction
REy2 0 Variation of curvature factor with load
RHy1 0 Shift factor for combined slip Mz reduction
RHy2 0 Variation of shift factor with load
*Note, the units for the parameters in this table follow the N , m, s, and rad system
Table B.4: Pacejka Tire Model Parameters (Continued)
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Parameter Value Description
RVy1 0 Longitudinal slip induced side forces at Fz0
RVy2 0 Variation of vertical shift with load
RVy3 0 Variation of vertical shift with camber
RVy4 0 Variation of vertical shift with slip angle
RVy5 1.9 Variation of vertical shift with longitudinal slip
RVy6 0 Variation of vertical shift with arctan (S)
QSy1 0.01 Rolling resistance of torque coefficient
QSy2 0 Rolling resistance influenced by Fx
QSy3 0 Rolling resistance influenced by VCx
QSy4 0 Rolling resistance influenced by VCx
QBz1 14.973 Pneumatic trail slope factor, Bt, at Fz0
QBz2 -3.5918 Variation of Bt with load
QBz3 -0.7270 Variation of Bt with load squared
QBz4 -7.7765E-3 Variation of Bt with camber
QBz5 -8.1978E-3 Variation of Bt with absolute camber
QBz9 17.781 Slope factor for residual torque Br
QBz10 0 Slope factor for residual torque Br
QCz1 1.1320 Shape factor for pneumatic trail
QDz1 0.1127 Controls Peak pneumatic trail, Dt
QDz2 -2.6745E-3 Variation of peak Dt with load
QDz3 -6.6332E-3 Variation of peak Dt with camber
QDz4 -6.2380 Variation of peak Dt with camber squared
QDz6 3.1508E-4 Controls peak residual torque, Dr
QDz7 2.9610E-4 Variation of peak Dr with load
QDz8 -8.1607E-2 Variation of peak Rr with camber
QDz9 -8.0160E-2 Variation peak Dr with camber and load
QEz1 -1.7447 Pneumatic trail curvature at Fz0
QEz2 -0.5853 Variation of trail curvature with load
QEz3 0 Variation of trail curvature with load squared
QEz4 2.9202E-3 Variation of trail curvature with sign of α
QEz5 -2.2229 Variation of trail curvature with γ and sign of α
QHz1 2.5222E-4 Pneumatic trail horizontal shift at Fz0
QHz2 6.8468E-5 Variation of trail horizontal shift with load
QHz3 -1.9273E-2 Variation of trail horizontal shift with γ
QHz4 9.2761E-3 Variation of trail horizontal shift with γ and load
SSz1 0 Nominal value of
S
R0
: effect of Fx on Mz
SSz2 0 Variation of S with Mz
SSz3 0 Variation of S with camber
SSz4 0 Variation of S with load and camber
*Note, the units for the parameters in this table follow the N , m, s, and rad system
Table B.5: Pacejka Tire Model Parameters (Continued)
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Parameter Value Description
Fz0 5900 Nominal normal force (N)
R0 0.355 Unloaded radius (m)
LSk 1 Scale factor for Blong
LSα 1 Scale factor for Blat
PTx1 2.3657 Blong at nominal load
PTx2 1.4112 Variation of Blong with load
PTx3 0.5663 Variation of Blong with exponent load
PTy1 2.1439 Peak value of Blat
PTy2 1.9829 Value of Fz/Fz0 at which Blat is extreme
PKy3 -0.9073 Variation of Blat with inclination
Table B.6: Parameters for Calculating the Relaxation Lengths When the Stretched
String Equations are Used
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Appendix C
Model Parameters and Initial
Conditions
The parameters used to model the Chevrolet Equinox are presented in this section
along with the set of initial conditions that were used to solve for the response of the
vehicle system. Note, all body-fixed reference frames were initially aligned with the
Ground (inertial) reference frame. The inertial reference is shown in Figure (2.2).
The section also includes the parameters that were used in the analysis performed
on the moving quarter car model.
Parameter Value Description
ms 519.25 Mass of the sprung mass (kg)
mu 25 Mass of the unsprung mass (kg)
Ls 0.6641 Undeformed length of the suspension spring (m)












Ru 0.355 Undeformed radius of the tire (m)
δi 1.7903E-3 Initial deflection of the tire (m)



















Zs(t) 0 Z position of the sprung mass
1 (m)
Zu(t) 0 Z position of the unsprung mass
1 (m)
Xt(t) 0 X position of the tire
2 (m)
1: With respect to the body fixed frame
2: With respect to the inertial reference frame
Table C.2: Initial Conditions of the Moving Quarter Car Model
Body Mass (kg)
Rotational Inertial (kgm2)
Ixx Iyy Izz Ixy Ixz Iyz
Vehicle body 2077 330 1925 1925 0 110 0
Lumped mass1 10 1 0.5 1 0 0 0
Front knuckle 0 0 0 0 0 0 0
Tires1 28 0.78 1.56 0.78 0 0 0
1: Applies to all components
Table C.3: Inertia Properties of the Chevrolet Equinox
Rigid Arm
Translation (m) Rotation1 (rad)
x y z θ1 θ2 θ3
Chassis COM to FL2 corner 1.353 0.760 0 0 0 0
Chassis COM to FR2 corner 1.353 -0.760 0 0 0 0
Chassis COM to RL2 corner -1.487 0.795 0 0 0 0
Chassis COM to RR2 corner -1.487 -0.795 0 0 0 0
Ground to Road Frame Q 0 0 0 0 0 0
1. These are the Euler angles used to track the orientation between two frames
2. Abbreviation example: FL = Front Left
Table C.4: Rigid Arm Properties of the Chevrolet Equinox
Spring/Damper Stiffness (N
m
) Free Length (m) Damping (Ns
m
)
Front suspension1 48299 0.674 3075
Rear suspension1 30518 0.720 2331
Tire2 3.04E5 0.355 500
1: Applies to both sides of the vehicle
2: Applies to all components







vx(t) 20 X component of the velocity of the chassis
1
vy(t) 0 Y component of the velocity of the chassis
1
vz(t) 0 Z component of the velocity of the chassis
1
ω1(t) 0 X component of the angular velocity of the chassis
1
ω2(t) 0 Y component of the angular velocity of the chassis
1




































sFL(t) 0 The rate of change of the distance traveled along the
path of the road by the FL5 tire3
d
dt
sFR(t) 0 The rate of change of the distance traveled along the
path of the road by the FR5 tire3
d
dt
sRL(t) 0 The rate of change of the distance traveled along the
path of the road by the RL5 tire3
d
dt
sRR(t) 0 The rate of change of the distance traveled along the
path of the road by the RR5 tire3
1: With respect to the body fixed frame
2: With respect to the inertial reference frame
3. Only present when the road is defined in tabular form by specifying the
location of the centerline of the road
4. Along the joint axis
5. Abbreviation example: FL = Front Left
Note, the table continues on the following page.







x(t) 0 X position of the chassis2
y(t) 0 Y position of the chassis2
z(t) 0.8995 Z position of the chassis2
yaw(t) 0 First 321 Euler angle of the chassis
pitch(t) 0 Second 321 Euler angle of the chassis
roll(t) 0 Third 321 Euler angle of the chassis
s1(t) 0.5632 Initial extension of the FL
5 suspension4
s2(t) 0.5632 Initial extension of the FR
5 suspension 4
s3(t) 0.5617 Initial extension of the RL
5 suspension 4
s4(t) 0.5617 Initial extension of the RR
5 suspension 4
phi1(t) 0 Rotation angle of the FL
5 tire 4
phi2(t) 0 Rotation angle of the FR
5 tire 4
phi3(t) 0 Rotation angle of the RL
5 tire 4
phi4(t) 0 Rotation angle of the RR
5 tire 4
sFL(t) 0 The distance traveled along the path of the road by the
FL5 tire3
sFR(t) 0 The distance traveled along the path of the road by the
FR5 tire3
sRL(t) 0 The distance traveled along the path of the road by the
RL5 tire3
sRR(t) 0 The distance traveled along the path of the road by the
RR5 tire3
1: With respect to the body fixed frame
2: With respect to the inertial reference frame
3. Only present when the road is defined in tabular form by specifying the
location of the centerline of the road
4. Along the joint axis
5. Abbreviation example: FL = Front Left




The road data files that were used to represent the road in some of the examples
is presented in this section. Note, all data points are with respect to the inertial
reference frame.
x z zp1x α
0 0 0 0
80 0 0 0
90 1 0 0
100 2 0 0
110 3 0 0
120 4 0 0
130 5 0 0
140 6 0 0
150 7 0 0
160 8 0 0
170 9 0 0
180 10 0 0
190 11 0 0
200 12 0 0
300 22 0 0
1. The second derivative of z with respect to x
Table D.1: The Road Data File that was Used in Example 4
The road data file used in MSC.ADAMS to represent the road in Example 4 is
shown below. The start and finish of the data file is noted.
Start of MSC.ADAMS road data file
$−−−−−−−−−−−−−−−−−−−−−MDI HEADER
[MDI HEADER]
FILE TYPE = ’rdf’
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FILE VERSION = 5.00
FILE FORMAT = ’ASCII’
(COMMENTS)
comment string)










METHOD = ’3D SPLINE’




CLOSED ROAD = ’no’
SEARCH ALGORITHM = ’SLOW’
ROAD VERTICAL = ’0.0 0.0 1.0’
FORWARD DIR = ’NORMAL’
$−−−−−−−−−−−−−−−−−−−−−DATA POINTS
[DATA POINTS]
X Y Z WIDTH BANK MU LEFT MU RIGHT
0.000 0.000 0.000 12.000 0.000 1.000 1.000
5.000 0.000 0.000 12.000 0.000 1.000 1.000
10.000 0.000 0.000 12.000 0.000 1.000 1.000
15.000 0.000 0.000 12.000 0.000 1.000 1.000
20.000 0.000 0.000 12.000 0.000 1.000 1.000
25.000 0.000 0.000 12.000 0.000 1.000 1.000
30.000 0.000 0.000 12.000 0.000 1.000 1.000
35.000 0.000 0.000 12.000 0.000 1.000 1.000
40.000 0.000 0.000 12.000 0.000 1.000 1.000
45.000 0.000 0.000 12.000 0.000 1.000 1.000
50.000 0.000 0.000 12.000 0.000 1.000 1.000
55.000 0.000 0.000 12.000 0.000 1.000 1.000
60.000 0.000 0.000 12.000 0.000 1.000 1.000
65.000 0.000 0.000 12.000 0.000 1.000 1.000
70.000 0.000 0.000 12.000 0.000 1.000 1.000
75.000 0.000 0.000 12.000 0.000 1.000 1.000
80.000 0.000 0.000 12.000 0.000 1.000 1.000 RAMP
85.000 0.000 0.000 12.000 0.000 1.000 1.000
90.000 0.000 0.000 12.000 0.000 1.000 1.000
165
95.000 0.000 0.000 12.000 0.000 1.000 1.000
100.000 0.000 0.000 12.000 0.000 1.000 1.000
105.000 0.000 0.000 12.000 0.000 1.000 1.000
110.000 0.000 0.000 12.000 0.000 1.000 1.000
115.000 0.000 0.000 12.000 0.000 1.000 1.000
120.000 0.000 0.000 12.000 0.000 1.000 1.000
125.000 0.000 0.000 12.000 0.000 1.000 1.000
130.000 0.000 0.000 12.000 0.000 1.000 1.000
135.000 0.000 0.000 12.000 0.000 1.000 1.000
140.000 0.000 0.000 12.000 0.000 1.000 1.000
145.000 0.000 0.000 12.000 0.000 1.000 1.000
150.000 0.000 0.000 12.000 0.000 1.000 1.000
155.000 0.000 0.000 12.000 0.000 1.000 1.000
160.000 0.000 0.000 12.000 0.000 1.000 1.000
165.000 0.000 0.000 12.000 0.000 1.000 1.000
170.000 0.000 0.000 12.000 0.000 1.000 1.000
175.000 0.000 0.000 12.000 0.000 1.000 1.000
180.000 0.000 0.000 12.000 0.000 1.000 1.000
185.000 0.000 0.000 12.000 0.000 1.000 1.000
190.000 0.000 0.000 12.000 0.000 1.000 1.000
195.000 0.000 0.000 12.000 0.000 1.000 1.000
200.000 0.000 0.000 12.000 0.000 1.000 1.000
205.000 0.000 0.000 12.000 0.000 1.000 1.000
210.000 0.000 0.000 12.000 0.000 1.000 1.000
215.000 0.000 0.000 12.000 0.000 1.000 1.000
220.000 0.000 0.000 12.000 0.000 1.000 1.000
225.000 0.000 0.000 12.000 0.000 1.000 1.000
230.000 0.000 0.000 12.000 0.000 1.000 1.000
235.000 0.000 0.000 12.000 0.000 1.000 1.000
240.000 0.000 0.000 12.000 0.000 1.000 1.000
245.000 0.000 0.000 12.000 0.000 1.000 1.000
250.000 0.000 0.000 12.000 0.000 1.000 1.000
255.000 0.000 0.000 12.000 0.000 1.000 1.000
260.000 0.000 0.000 12.000 0.000 1.000 1.000
265.000 0.000 0.000 12.000 0.000 1.000 1.000
270.000 0.000 0.000 12.000 0.000 1.000 1.000
275.000 0.000 0.000 12.000 0.000 1.000 1.000
280.000 0.000 0.000 12.000 0.000 1.000 1.000
285.000 0.000 0.000 12.000 0.000 1.000 1.000
290.000 0.000 0.000 12.000 0.000 1.000 1.000
295.000 0.000 0.000 12.000 0.000 1.000 1.000
300.000 0.000 0.000 12.000 0.000 1.000 1.000
$−−−−−−−−−−−−−−−−−−−−−END DATA POINTS
[RAMP]
COORDINATE SYSTEM = ’local’
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START = ’80 0 0’




ROAD TYPE = ’RAMP’
HEIGHT = 42
SLOPE = 0.1
End of MSC.ADAMS road data file
x y z zp1s α
0 0.0000 0 0 0
1 0.0050 0 0 0
2 0.0200 0 0 0
3 0.0450 0 0 0
4 0.0800 0 0 0
5 0.1251 0 0 0
6 0.1802 0 0 0
7 0.2453 0 0 0
8 0.3205 0 0 0
9 0.4058 0 0 0
10 0.5013 0 0 0
11 0.6068 0 0 0
12 0.7226 0 0 0
13 0.8486 0 0 0
14 0.9848 0 0 0
15 1.1314 0 0 0
16 1.2883 0 0 0
17 1.4556 0 0 0
18 1.6333 0 0 0
19 1.8216 0 0 0
20 2.0204 0 0 0
21 2.2299 0 0 0
22 2.4500 0 0 0
23 2.6809 0 0 0
24 2.9227 0 0 0
25 3.1754 0 0 0
1. The second derivative of z with respect to s
Table D.2: The Road Data File that was Used in Example 5
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x y z zp1s α
26 3.4391 0 0 0
27 3.7140 0 0 0
28 4.0000 0 0 0
29 4.2973 0 0 0
30 4.6061 0 0 0
31 4.9263 0 0 0
32 5.2582 0 0 0
33 5.6019 0 0 0
34 5.9575 0 0 0
35 6.3250 0 0 0
36 6.7048 0 0 0
37 7.0968 0 0 0
38 7.5014 0 0 0
39 7.9185 0 0 0
40 8.3485 0 0 0
41 8.7914 0 0 0
42 9.2476 0 0 0
43 9.7171 0 0 0
44 10.2002 0 0 0
45 10.6971 0 0 0
46 11.2081 0 0 0
47 11.7334 0 0 0
48 12.2732 0 0 0
49 12.8278 0 0 0
50 13.3975 0 0 0
51 13.9826 0 0 0
52 14.5834 0 0 0
53 15.2002 0 0 0
54 15.8335 0 0 0
55 16.4835 0 0 0
56 17.1507 0 0 0
57 17.8355 0 0 0
58 18.5384 0 0 0
59 19.2597 0 0 0
60 20.0000 0 0 0
61 20.7599 0 0 0
62 21.5398 0 0 0
63 22.3405 0 0 0
64 23.1625 0 0 0
65 24.0066 0 0 0
1. The second derivative of z with respect to s
Table D.3: The Road Data File that was Used in Example 5 (Continued)
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x y z zp1s α
66 24.8734 0 0 0
67 25.7639 0 0 0
68 26.6788 0 0 0
69 27.6191 0 0 0
70 28.5857 0 0 0
71 29.5798 0 0 0
72 30.6026 0 0 0
73 31.6553 0 0 0
74 32.7393 0 0 0
75 33.8562 0 0 0
76 35.0077 0 0 0
77 36.1956 0 0 0
78 37.4220 0 0 0
79 38.6893 0 0 0
80 40.0000 0 0 0
81 41.3570 0 0 0
82 42.7636 0 0 0
83 44.2237 0 0 0
84 45.7414 0 0 0
85 47.3217 0 0 0
86 48.9706 0 0 0
87 50.6948 0 0 0
88 52.5026 0 0 0
89 54.4039 0 0 0
90 56.4110 0 0 0
91 58.5392 0 0 0
92 60.8082 0 0 0
93 63.2440 0 0 0
94 65.8826 0 0 0
95 68.7750 0 0 0
96 72.0000 0 0 0
97 75.6895 0 0 0
98 80.1003 0 0 0
99 85.8933 0 0 0
100 100.0000 0 0 0
1. The second derivative of z with respect to s
Table D.4: The Road Data File that was Used in Example 5 (Continued)
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x y z zp1s α
0 0.0000 0 0 0
1 0.0000 0 0 0
100 0.0000 0 0 0
160 0.0000 5.25 0 0
200 0.0000 5.25 0 0
200.5 0.0025 5.25 0 0
201 0.0100 5.25 0 0
201.5 0.0225 5.25 0 0
202 0.0400 5.25 0 0
202.5 0.0625 5.25 0 0
203 0.0901 5.25 0 0
203.5 0.1227 5.25 0 0
204 0.1603 5.25 0 0
204.5 0.2029 5.25 0 0
205 0.2506 5.25 0 0
205.5 0.3034 5.25 0 0
206 0.3613 5.25 0 0
206.5 0.4243 5.25 0 0
207 0.4924 5.25 0 0
207.5 0.5657 5.25 0 0
208 0.6441 5.25 0 0
208.5 0.7278 5.25 0 0
209 0.8167 5.25 0 0
209.5 0.9108 5.25 0 0
210 1.0102 5.25 0 0
210.5 1.1149 5.25 0 0
211 1.2250 5.25 0 0
211.5 1.3405 5.25 0 0
212 1.4614 5.25 0 0
212.5 1.5877 5.25 0 0
213 1.7196 5.25 0 0
213.5 1.8570 5.25 0 0
214 2.0000 5.25 0 0
214.5 2.1487 5.25 0 0
215 2.3030 5.25 0 0
215.5 2.4632 5.25 0 0
216 2.6291 5.25 0 0
216.5 2.8010 5.25 0 0
217 2.9787 5.25 0 0
217.5 3.1625 5.25 0 0
218 3.3524 5.25 0 0
1. The second derivative of z with respect to s
Table D.5: The Road Data File with the Centerline of the Road Specified that was
Used in Example 6
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x y z zp1s α
218.5 3.5484 5.25 0 0
219 3.7507 5.25 0 0
219.5 3.9593 5.25 0 0
220 4.1742 5.25 0 0
220.5 4.3957 5.25 0 0
221 4.6238 5.25 0 0
221.5 4.8586 5.25 0 0
222 5.1001 5.25 0 0
222.5 5.3486 5.25 0 0
223 5.6041 5.25 0 0
223.5 5.8667 5.25 0 0
224 6.1366 5.25 0 0
224.5 6.4139 5.25 0 0
225 6.6987 5.25 0 0
225.5 6.9913 5.25 0 0
226 7.2917 5.25 0 0
226.5 7.6001 5.25 0 0
227 7.9167 5.25 0 0
227.5 8.2418 5.25 0 0
228 8.5754 5.25 0 0
228.5 8.9178 5.25 0 0
229 9.2692 5.25 0 0
229.5 9.6298 5.25 0 0
230 10.0000 5.25 0 0
230.5 10.3799 5.25 0 0
231 10.7699 5.25 0 0
231.5 11.1702 5.25 0 0
232 11.5813 5.25 0 0
232.5 12.0033 5.25 0 0
233 12.4367 5.25 0 0
233.5 12.8819 5.25 0 0
234 13.3394 5.25 0 0
234.5 13.8095 5.25 0 0
235 14.2929 5.25 0 0
235.5 14.7899 5.25 0 0
236 15.3013 5.25 0 0
236.5 15.8276 5.25 0 0
237 16.3697 5.25 0 0
237.5 16.9281 5.25 0 0
238 17.5038 5.25 0 0
1. The second derivative of z with respect to s
Table D.6: The Road Data File with the Centerline of the Road Specified that was
Used in Example 6 (Continued)
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x y z zp1s α
238.5 18.0978 5.25 0 0
239 18.7110 5.25 0 0
239.5 19.3447 5.25 0 0
240 20.0000 5.25 0 0
240.5 20.6785 5.25 0 0
241 21.3818 5.25 0 0
241.5 22.1118 5.25 0 0
242 22.8707 5.25 0 0
242.5 23.6609 5.25 0 0
243 24.4853 5.25 0 0
243.5 25.3474 5.25 0 0
244 26.2513 5.25 0 0
244.5 27.2020 5.25 0 0
245 28.2055 5.25 0 0
245.5 29.2696 5.25 0 0
246 30.4041 5.25 0 0
246.5 31.6220 5.25 0 0
247 32.9413 5.25 0 0
247.5 34.3875 5.25 0 0
248 36.0000 5.25 0 0
248.5 37.8448 5.25 0 0
249 40.0501 5.25 0 0
249.5 42.9466 5.25 0 0
250 50.0000 5.25 0 0
1. The second derivative of z with respect to s
Table D.7: The Road Data File with the Centerline of the Road Specified that was
Used in Example 6 (Continued)
x z zp1x α
0 0 0 0
100 0 0 0
160 5.25 0 0
250 5.25 0 0
1. The second derivative of z with respect to x
Table D.8: The Road Data File with the Road Plane Specified that was Used in
Example 6
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